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      The purpose of this study was to examine U. S. and Chinese secondary mathematics 
teachers’ knowledge and beliefs. To give insights into cross-national differences in student 
achievement, this study investigated teachers’ content knowledge about quadratic equations and 
functions, teachers’ knowledge of students’ errors about quadratic equations and functions as 
well as teachers’ beliefs about students’ mathematical learning abilities. 
      Twenty Chinese high school teachers and twenty U.S. high school teachers participated in 
the study and finished the specific designed survey. The teachers’ responses were analyzed 
quantitatively and qualitatively. Analysis results revealed that more Chinese teachers than U.S. 
teachers correctly employed a quadratic function to represent a real-world situation and obtained 
two solutions for a quadratic equation. In terms of translation among various representations of 
quadratic functions, all the teachers in the two groups showed their proficiency. The two groups 
of teachers mostly employed procedural-based explanations in obtaining their solutions. 
      With respect to teachers’ knowledge of students’ errors, the Chinese teachers provided more 
negative evaluations toward students’ errors and identified more students’ errors than the U.S. 
teachers did. Responding to students’ errors, the two groups of teachers were more likely to 
focus on procedural knowledge if students were not able to finish problems. When students 
finished solving problems, the two groups of teachers highlighted conceptual explanations 
targeting students’ mistakes. The U.S. teachers were more likely to provide general knowledge 
guidance while the Chinese teachers tended to go back to basic knowledge. 
      Concerning teachers’ beliefs about students’ mathematical learning abilities, the Chinese 
teachers tended to believe that students’ mathematical abilities are fixed and the focus of 
students’ learning is to obtain positive evaluations. However, most of the U.S. teachers believed 
iv 
that students’ mathematical abilities are not fixed and the goal of students’ learning is to improve 
their mathematical proficiency. Although the two groups of teachers agreed on setting up 
different expectations for high-level and low-level students, they held that students could achieve 
a behavior pattern of seeking opportunities to solve challenging problems. Implications for 
teachers, teacher educators, mathematics education researchers as well as policy makers have 
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Chapter 1: Introduction 
Introduction 
       Algebra1 has long been regarded as a critical bridge to high school mathematics. In 2000, the 
NCTM content standards highlighted the importance of algebra to all students (NCTM, 2000). It 
is true for several reasons. Basically students experience algebraic ideas from prekindergarten 
where they begin to identify and understand patterns and relationships. Strong and valid algebra 
knowledge serves as a foundation for the development of mathematical thinking and reasoning in 
middle school, high school, and at the University level. Algebra is an essential component of 
mathematical knowledge and closely links to other content areas such as geometry and data 
analysis (NCTM, 2000). Moreover, algebra is a gatekeeper to both high level math learning and 
career success in adult life (Roschelle et al., 2008). According to the U.S. Department of 
Education’s white paper (U.S. Department of Education 1997), “Mathematics Equals 
Opportunity,” students who take advanced mathematics courses during high school have more 
opportunities to apply to four-year universities than those who do not (Atanda, 1999). In the 
American education system, mathematics is known as a sequential course, which means that 
students do not enroll in Calculus before they complete Algebra, Geometry, Trigonometry, or 
Precalculus. Students enroll and take courses in a certain order. Given that many science-related 
majors set a prerequisite of calculus, the influence of algebra as a gatekeeper in high school 
mathematics sequence has far-reaching implications for students’ college education and future 
job choices. “Algebra for all” requires all high school students to take Algebra I by the time of 
graduation. Further, Algebra’s more recent importance is highlighted in a) the Common Core 
State Standards (NGA Center & CCSSO, 2010), b) research that has analyzed algebraic ideas 
                                           
1 Referring to Roschelle et al. (2008), “algebra with a lowercase a is a central domain of mathematics, whereas 
Algebra I and Algebra II are particular courses, usually taken in high school” (p.610). I employed these notations in 
this study. 
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students need to know and understand (Roschelle et al., 2008, Vaiyavutjamai, 2009), and the 
Algebra Project (Moses & Cobb, 2001) that focuses on supporting students in participating in 
Algebra I in the eighth grade.  
      Indeed, this tendency seems to be also applicable to many other countries including China. In 
China, students in college-based high schools take mathematics from their first semester in high 
school until they graduate from high school. They learn algebra, geometry, statistics, and 
trigonometry sequentially during three years of high school. Algebra knowledge is organized to 
be taught first among all these mathematics topics since deep algebra knowledge serves as a 
foundation for students to learn other mathematics content. Also algebra is an essential topic 
emphasized in college entrance exams that determine high school students’ choice of universities 
and majors. 
      However, despite the importance and influence of algebra on student learning and future 
careers across countries, the results from the national and international studies showed U.S. 
students’ poor achievement on this topic in comparison to students in other countries. For 
example, the results of the fourth mathematics assessment of seventh- and eleventh-grade 
students by the National Assessment of Educational Progress (NAEP) indicate that although U. 
S. secondary school students have some basic algebraic concepts and skills, they seem to fail to 
apply this knowledge in problem solving situations (Brown, et al., 1988). Rampey et al. (2009), 
who compared the 2008 NAEP results with those from 2004 assessment and the first assessment, 
reported that mathematics achievement for students at the age of 17 did not change significantly 
from those in 1973. In the same vein, results from the Second International Mathematics Study 
revealed that U.S. students were 16% behind the international average on algebra. Later on, the 
3 
U.S. 8th graders scored still below their international counterparts from Japan, Korea, Singapore 
and Hong Kong (TIMSS, 2011).  
       U.S. students are known for falling behind their counterparts from other economic 
competing countries in mathematics, particularly, the issue is more and more serious as students 
move from 8th grade to 12th grade. Thus, comparing with elementary and middle school students, 
it is more imperative to help high school students improve their mathematics achievement. 
Among all the high school algebraic topics, quadratic equations and functions are fundamental 
and essential (Even, 1990). Historically, students start learning linear functions in middle school 
and then move on to quadratic functions in high school. From straight lines to curves it is a 
critical transition that requires students’ conceptual understanding and computational 
proficiency. However, both students’ and preservice mathematics teachers’ understanding 
obstacles and inefficiency on quadratic equations and functions have been documented in 
previous research (e.g., Zaslavsky, 1997; Eraslan, 2005; Huang & Kulm, 2012).  
       To help students improve their mathematics achievement, teachers’ knowledge is an 
essential factor. In fact, both high school teachers’ content knowledge and pedagogical content 
knowledge affects students’ achievement (Goldhaber & Brewer, 2000). Additionally, this kind of 
direct and positive relationships between teachers’ content and pedagogical content knowledge 
and students’ mathematics achievement start from middle grades and upper-elementary grades 
(Campbell, et al., 2014; Hill, Rowan & Ball, 2005; Peterson, et al., 1989; Harris & Sass, 2011).  
      Teachers’ content knowledge (CK) has a long history of being identified as an essential 
factor that affects students’ achievement (Ma, 1999; Hill, Rowan & Ball, 2005). If teachers’ 
content knowledge is regarded as same as that from people working in other professions, 
teachers’ pedagogical content knowledge (PCK) is acknowledged as unique to the teaching 
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profession. With PCK, mathematics teachers are able to address mathematics topics by the most 
effective pedagogical strategies, which benefit students’ learning and understanding. However, 
PCK covers a broad range of knowledge and different researchers developed various frameworks 
to describe this knowledge. For instance, Senk and other researchers (2012) elaborated PCK in 
terms of curricula knowledge, knowledge of planning for teaching, and knowledge of enacting 
teaching and learning. This study focused on teachers’ knowledge of appropriately recognizing 
and responding to student errors, which is included in the knowledge of enacting teaching and 
learning. This piece of PCK is essential given that it is one of the main tasks teachers perform in 
teaching mathematics. Further, responding to mathematical errors can serve as catalysts for 
students’ learning (NCTM, 2000).  
       Adequate mathematical knowledge for teaching to some extent guarantees teachers’ 
teaching proficiency and students’ achievement. However, the direct influences of school factors 
have little association with students’ mathematics performance unless influences of social and 
cultural factors are taken into consideration (Program for International Student Assessment, 
2004). Teachers’ beliefs are critical cultural factors that influence teachers’ teaching practice and 
students’ achievement (Stipek, et al., 2001; Staub & Stern, 2002). Recently, Campbell et al. 
(2014) claimed that initiatives on CCSSM implementation must balance attention to teachers’ 
beliefs with attention to teachers’ mathematical knowledge. In addition, teachers’ content 
knowledge and pedagogical content knowledge correlate with teachers’ beliefs (Blömeke, 2012; 
Campbell, et al., 2014). Therefore, a critical area in need of further investigation is understanding 
the nature of teachers’ beliefs and how these beliefs affect teachers’ instructional decisions 
(Rachlin, 1989).   
5 
      Previous studies on teachers’ beliefs have examined beliefs about the nature of mathematics, 
the nature of mathematics teaching and learning (Stipek, et al., 2001; Staub & Stern, 2002). Little 
has been known about teachers’ beliefs about students’ mathematical learning ability. Ma (1999) 
sensed out that teachers’ beliefs about students’ mathematical learning ability influence teachers’ 
instructional decisions and teaching practices regardless of teachers’ knowledge competency. 
When teachers believe that students are not able to understand the topic at a certain level, they 
tend to decrease the amount of knowledge and the level of mathematical skills needed for the 
topic to make students feel comfortable, even though the teachers obtain substantial knowledge 
and mathematical strategies. In other words, teachers’ knowledge correlates with teachers’ 
beliefs (Blömeke, 2012; Campbell, et al., 2014), and teachers’ beliefs powerfully impact the 
practice of teaching and ultimately students’ achievement (Ernest, 1989). Therefore, in order to 
improve students’ achievement in algebra, it is important to explore both teachers’ knowledge 
and their beliefs about students’ mathematical learning ability. Given the mathematics 
achievement gap reported between U. S. students and Chinese students in international 
assessments (e.g. TIMSS 2011), it is imperative to explore the similarities and differences of 
teachers’ knowledge and their beliefs about students’ mathematical learning ability between the 
two countries. 
Statement of the Problem 
      Locating the study at the intersection of teachers’ knowledge and teachers’ beliefs in China 
and the U.S., I conducted a literature review along four main areas:  the teaching and learning of 
algebra, teachers’ knowledge, teachers’ beliefs, and comparative studies. This survey of the 
literature yielded four limitations in the current research. 
6 
      First, despite a large body of scholarship on teachers’ knowledge and beliefs, this research 
has focused on elementary and middle school teachers (e.g., Hill, Rowan & Ball, 2005; Harris & 
Sass, 2011; Peterson, et al., 1989; Correa et al., 2008). Compared to elementary school and 
middle school, high school is a more critical period of time for students to develop mathematical 
thinking and reasoning, especially for some abstract mathematical ideas such as functions and 
equations. As mentioned previously, high school mathematics directly influences students’ 
choices about future study and opportunities for higher education. Although U.S. high school 
students fall behind their international counterparts more significantly than elementary and 
middle school students do (TIMSS, 2011), there is relatively little research focused on high 
school mathematics teachers’ knowledge and beliefs. This study includes high school teachers of 
Algebra I as participants.         
      Second, despite the importance of both teachers’ content knowledge and pedagogical content 
knowledge, previous research was limited in scope and explored either on content knowledge or 
on pedagogical content knowledge. However, classroom instruction is a systematic activity that 
involves teachers’ entire mathematical knowledge for teaching that encompasses both content 
knowledge and pedagogical content knowledge (Ball, et al., 2008). A systematic analysis 
including both teachers’ understanding of content and their strategies to help students’ build such 
understanding would be more helpful in guiding Algebra teachers as they support students’ 
algebraic thinking. 
      Third, given the importance of algebra in school mathematics, it is surprising that many high 
school algebraic topics are underrepresented in previous research. Algebra, as important content 
for school mathematics, has been addressed mainly with respect to equations and functions. The 
content in school algebra covers two major themes: expressions, equations and inequalities; 
7 
functions (linear and nonlinear) and their properties (NCTM, 2000; Drijvers, Goddijn & Kindt, 
2010). In terms of equations, Common Core State Standards for Algebra I (NGA Center & 
CCSSO, 2010) require that students develop fluency in writing, interpreting, and solving linear 
equations and systems of equations involving quadratic expressions. As for functions, students 
should interpret linear, quadratic, and exponential functions given graphically, numerically, 
symbolically, and verbally. Students should also be able to compare and contrast linear, 
quadratic, and exponential functions in terms of their key characteristics and select among these 
functions to model real-life situations. However, linear equations and functions have been 
explored more frequently (Rittle-Johnson & Star, 2007; Stump, 2001; Vaiyavutjamai & 
Clements, 2006) than quadratic equations and functions, which are fundamental and basic topics 
in the high school curricula (Even, 1990). Given that teachers’ procedural and conceptual 
knowledge have shown to be underdeveloped in the area of quadratic functions and equations 
(Even, 1990; Ellerton & Clements, 2011), these topics are worth further investigation. 
      Fourth and lastly, teachers’ beliefs about students’ mathematical learning ability critically 
affect students’ achievement but lack previous researchers’ attention. In addition, research has 
not focused adequately on comparing teachers’ beliefs across cultures in order to investigate 
achievement gaps. This area warrants further attention given that teaching is a cultural activity 
(Correa et al., 2008; Stigler & Hiebert, 1999). For example, Correa et al. (2008) indicated that 
U.S. teachers place great importance on stable attributes such as ability when making attributions 
of mathematical achievement. Chen and Stevenson (1995) concluded that Asian-American and 
East Asian students believed that the road to mathematics success is through efforts and studying 
diligently. However, little research exists on reporting the similarities and differences in 
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teachers’ knowledge and their beliefs about students’ mathematical learning ability in China and 
the U.S.  
      Trying to address the research gap in teachers’ knowledge literature, this study targets 
teachers of Algebra I. Although most students in the United States take Algebra I in high 
schools, there are some students who take Algebra I during middle school years. According to a 
document released by Missouri Department of Elementary and Secondary Education (2013), 
there is a trend to increase assess to Algebra I content for all middle school students. In China, 
students learn Algebra I topics from their last year mathematics in middle school until their first 
semester mathematics in high school. Particularly, quadratic equations and functions are initially 
introduced to Chinese ninth graders. Therefore, Chinese and U.S. students approximately learn 
the mathematical content at the same age. Besides Algebra I teachers’ content knowledge on 
quadratic equations and functions, I also investigate Algebra I mathematics teachers’ 
interpretations of and responses to students’ errors in China and in the United States. I chose 
Chinese teachers as a basis for comparison because Chinese teachers as documented in the 
aforementioned literature outperformed their U.S. counterparts on problems that reflected 
fundamental knowledge for teaching elementary mathematics (Ma, 1999). I would like to 
examine whether this conclusion holds even at the high school level. Additionally, Chinese 
students always remain at the top of international competitions (TIMSS, 2003, 2011), and 
previous research revealed that the mathematics performance gap between Chinese and U.S. 
students widened as they moved from first to fifth grade (Uttal et al., 1988). Therefore, it is 
necessary to unpack teachers’ knowledge in China given that students’ achievement is 
significantly related to teachers’ knowledge.  
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Purpose of the Study 
      The purpose of this study is to explore Chinese and U.S. teachers’ knowledge and 
proficiency on quadratic equations and functions and their responses to students’ 
misunderstandings of these topics. Additionally, this study compares Chinese and U.S. teachers’ 
beliefs about students’ mathematical learning ability. Overall, this study seeks to examine the 
possible relationships that may exist between teachers’ knowledge and their beliefs. This study 
does not document the proficiency or weakness of Algebra I teachers’ knowledge, but instead it 
provides fundamental ideas about high school teachers’ algebra knowledge for teaching in both 
China and the U.S. The findings of this study have implications for the improvement of teaching 
practice and students’ achievement. In the meantime, the differences generated from 
comparisons between teachers’ beliefs about students’ mathematical learning ability to some 
extent guide teacher educators in creating specific interventions that help teachers to succeed in 
classroom instruction. The specific research questions guiding the study are listed below. 
Research Questions  
1. What are the similarities and differences between Chinese and U.S. mathematics teachers’ 
beliefs about students’ mathematical learning ability? 
2. What are the similarities and differences between Chinese and U.S. mathematics teachers’ 
content knowledge that related to quadratic equations and functions? 
3. What are the similarities and differences between Chinese and U.S. mathematics teachers’ 
knowledge of students’ errors in solving quadratic equations and translating between 
representations of quadratic functions? 
4. How does teachers’ knowledge relate to teachers’ beliefs about students’ learning ability?  
10 
   (a) How does teachers’ content knowledge relate to their beliefs about students’ learning 
ability? 
   (b) How does teachers’ knowledge of students’ errors relate to their beliefs about students’ 
learning ability? 
Significance of the Study 
      This study provides a snapshot of mathematics teachers’ knowledge about algebra and their 
beliefs about students’ learning ability. It is significant for both theory and practice. For theory, 
this study is important for four reasons. First, the study to some extent fulfills the gap of previous 
research about teachers’ knowledge and gives researchers a starting point to develop future 
research on how to support mathematics teachers’ algebraic thinking. Second, the comparison 
between Chinese and the U.S. teachers’ knowledge provides researchers evidence to further 
investigate how the differences between teachers’ knowledge relate to students’ mathematics 
achievement. Third, this study presents cases from which to better understand issues of teacher 
preparation quality in China and the U.S. Educational researchers and teacher educators from 
these two countries can absorb useful and practical ideas to improve the teaching quality of 
middle school and high school teachers. Fourth, from the perspective of research, themes and 
findings about teachers’ knowledge on quadratic equations and functions serve as theoretical 
foundations for future research on teachers’ algebra knowledge. 
       For practice, given that little research has documented Algebra I teachers’ algebra 
knowledge, teachers’ knowledge on this topic helps teacher educators to develop appropriate 
instruction to help teachers develop strong fundamental knowledge about algebra, which in turn 
can increase K-12 students’ proficiency and understanding on this topic. A concrete implication 
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is that policy makers may apply these findings to design corresponding workshops for Algebra I 
teachers in order to accelerate and improve their teaching proficiency.  
      With respect to teachers’ beliefs about students’ mathematical learning ability, they are long-
term beliefs cultivated in cultural contexts. Teachers hold certain beliefs before they enter 
teacher preparation programs. One practical significance of understanding teachers’ beliefs is 
that teacher educators may understand how to better design appropriate activities to help teachers 
develop teaching beliefs that can benefit students the most. With respect to the theoretical 
significance of exploring teachers’ beliefs about students’ mathematical learning ability, possible 
relationships that may exist between teachers’ knowledge and their beliefs will contribute to the 
existing research base about teachers’ knowledge and beliefs from a cross-national perspective. 
Further, the differences between teachers’ beliefs will guide future research aiming to explain 
students’ mathematics achievement in terms of teachers’ beliefs. 
      To summarize, this study aims to provide practical guidance to teachers and teacher 
educators with respect to improving understanding of quadratic equations and functions and 
proficiency of responding to students’ mistakes. Simultaneously, teacher educators and policy 
makers may learn from the results of this study to help teachers develop new ideas about 
students’ learning ability. Later on, this developing understanding can help teachers to construct 
the kind of learning environments that benefits all students. Consequently, students’ 
mathematical understanding and proficiency can increase as a result.  
      Exploration of teachers’ beliefs about students’ mathematical learning ability from two 
cultural contexts will guide future research to replicate similar studies within various cultural 
contexts. The relationship between teachers’ beliefs and knowledge addressed in this study 
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contributes to the existing theoretical structure on teachers’ knowledge and beliefs from a 
comparative perspective.  
Organization of the Study 
      After an introduction of the problem that is addressed in this study, a complete review of 
related literatures, including the teaching and learning of algebra, teachers’ knowledge, teachers’ 
beliefs, and international comparisons of teachers’ knowledge and beliefs are elaborated in 
Chapter 2. According to the literature review, important frameworks and ideas are summarized 
that provide a terrain in mathematics education for this study. Chapter 3 contains description 
about participants and school contexts where the participants work. Data collection procedures 
and data analysis methods are also explained in Chapter 3. Findings and conclusions from 
Chapter 4 yield answers to the research questions. Chapter 5 summarizes the findings from this 
study, discusses the similarities and differences between the findings of this study and those from 
previous research, and elaborates implications of this study for teachers, teacher educators, future 











Chapter 2: Literature Review 
Literature Review 
      In this chapter I situate the current study within the terrain of previous math education 
research and discuss specific frameworks that are central to the current study. To achieve this 
goal, I reviewed literature on the teaching and learning of algebra, on teachers’ knowledge, on 
teachers’ beliefs, and on international comparisons of teachers’ knowledge and beliefs. This 
section ends by summarizing the limitations of previous research and the rationale of the current 
study.  
Research on the Teaching and Learning of Algebra 
      Algebra is a critical topic in school mathematics. It bridges students’ knowledge from 
concrete mathematics to abstract mathematics. Besides serving as a foundation for students to 
develop high level math topics, algebra topics always appear in high-stakes exams, which decide 
students’ future learning opportunities and potential job chances. The Principles and Standards 
for School Mathematics (NCTM, 2000) advocates instructional programs from prekindergarten 
through grade 12 that “enable all students to understand patterns, relations, and functions” (p. 
296). Learning algebra is more than moving symbols around, it requires understanding 
relationships among quantities, including functions, and ways of representing mathematical 
relationships (NCTM, 2000).  
      The content in school algebra mainly covers two major themes: equations and functions 
(NCTM, 2000; Drijvers, Goddijn & Kindt, 2010). Quadratic equations and functions take on an 
important role in the high school Algebra I curriculum. At the same time, many students are 
challenged with solving quadratic equations and understanding quadratic functions 
(Vaiyavutjamai, Ellerton, & Clements, 2005; Zaslavsky, 1997). Additionally, educational studies 
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concerning the teaching and learning of quadratic equations and functions are quite scarce 
(Kieran, 2007; Vaiyavutjamai & Clements, 2006). To address the previous research gap and the 
purpose of the current study, in terms of mathematics content knowledge, I focus on the topics of 
quadratic equations and functions. In addition to examining Algebra I teachers’ ability to solve 
quadratic equations, I explore their knowledge and understanding about quadratic functions. 
Particularly, I investigate Algebra I teachers’ ability to use quadratic functions to represent and 
solve real world problems and their ability to translate among various representations of 
quadratic functions. 
      The reasons why I concentrate on the knowledge of quadratic functions stated above are 
embedded in the previous research. Researchers (Kieran, 1992; Clement, 1982) stated that 
generating equations to represent the relationships in typical word problems is well known to be 
one of the major areas of difficulty for high school algebra students and even science-oriented 
college students experience serious difficulties in symbolizing certain meaningful relationships 
with algebraic equations. Thus, besides teaching students the basic procedural knowledge in 
manipulating algebraic expressions, teachers should emphasize cultivating students’ algebraic 
thinking, which is defined as “the use of any of a variety of representations that handle 
quantitative situations in a relational way” (Kieran, 1996, p. 4, 5). To develop students’ algebraic 
thinking, Kieran (2004) later on suggested focusing on representing and solving a problem rather 
than merely solving it. In regard to the suggestions from previous researchers, it is essential to 
explore teachers’ algebraic thinking with respect to examining their ability to use algebraic tools 
to represent real world problems and finally to solve problems.  
       Because of the complex features and various applications of the concept of function, various 
kinds of representations, including equations, tables, graphs, and verbal descriptions, can be 
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applied depending on different functional situations. Since understanding of functions in one 
representation will not necessarily correspond to the understanding in another representation, 
translating among different representations is important to problem solving. Even (1990) found 
that when these representations were combined, information from the combination facilitates a 
more deep and comprehensive understanding of the underlying functional situation. Moreover, 
NCTM’s Principles and Standards for School Mathematics (2000) states that students should be 
able to understand functions, use various representations for them, and convert among these 
various representations. Hartter (2009) also stressed that it is critical to provide experiences that 
enable students to make connections between multiple representations of the concept of function.  
Therefore, the current study exploring teachers’ conceptual understanding of quadratic functions 
examines their ability to translate among different representations of quadratic functions. 
Models in Understanding the Conceptual Knowledge of Functions 
      Wilson (1994) identified the most important aspects of the function concept for deep 
understanding: 
• Interpreting functions represented by graphs, situation descriptions, formulas, and tables; 
• Modeling real-world situations using functions;  
• Translating among multiple representations of functions;  
• Analyzing the effects of parameter changes on the graphs of functions;   
• Examining operations on and properties of classes of functions;  
• Applying technology to represent functions.  
Similarly, O’Callaghan (1998) elaborated a function model (see Table 2.1) in understanding the 
conceptual knowledge of function, which includes modeling, interpreting, translating and 
reifying. Modeling ability refers to representing a problem situation using functions while 
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interpreting is the reverse procedure of modeling involves the interpretation of functions in 
different representations in terms of real-life applications. Translating is the ability to transform 
among various representations of functions while reifying is defined as the creation of a mental 
object from what was initially perceived as a process or procedure. Comparing and contrasting 
the aforementioned two models describing conceptual knowledge of functions, I found these two 
models both emphasize applying functions to model real-world problems, interpreting functions 
represented in different representations, and translating among various representations of 




Table 2.1 O’ Callaghan’s function model 
Category of conceptual knowledge of function Description 
Modeling Representing a problem situation using 
functions 
Interpreting Interpreting of functions in different 
representations in terms of real-life 
applications 
Translating Transforming among various representations 
of functions 
Reifying Creating of a mental object from what was 
initially perceived as a process or procedure 
 
 
Students’ Conceptual Obstacles in the Learning of Quadratic Functions 
      Zaslavsky (1997) summarized a few common obstacles related to students’ understanding of 
quadratic functions. First, it is hard for students to imagine the parabola as extending forever. 
Second, students confused about the relation between quadratic functions and quadratic 
equations. They missed the fact that though !! + 2! − 3 = 0 is equivalent to  2!! + 4! − 6 = 0, 
the function ! ! = !! + 2! − 3 is not equivalent to ! ! = 2!! + 4! − 6. Third, they prefer 
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going from equations to graphs rather than from graphs to equations. Also, they prefer the 
standard form !   =   !!! +   !"  +   !  to the vertex !   =   ! ! −! ! +   ! or the factored form 
!   =   ! ! − !! ! − !!  of quadratic functions. Within the same vein, Eraslan (2005) 
systematically explored two honors Algebra II students’ obstacles in learning quadratic 
functions. He found that the students struggled to translate quadratic functions from graphic to 
algebraic representation, tended to use the standard form over the vertex form, and failed to use 
quadratic model to solve problems given in real-world situations. When the students were 
required to write an equation for a given graph (in Figure 2.1), one student substituted the vertex 
(2,−3) into the standard form ! = !!! + !" + !  and wrote down “−3 = 4! + 2! + !”, and then 
did not know where to start. Another student applied the factored form of quadratic equations 
and wrote down “! = !
!
! + 5 ! − 1 ” but failed to explain why ! = !
!
. To use quadratic 
models to solve real-world problems, one of the students failed and left the problem blank. From 
previous research, it is clear that students lack conceptual knowledge about quadratic functions 
in terms of modeling and translating. In addition to high school students, preservice teachers also 
struggled to integrate algebraic and graphic representations of functions (Huang & Kulm, 2012). 
This relates to the current study, in that, I ask Algebra I teachers to translate from graphic to 
algebraic representation of quadratic functions. Also I investigate how Algebra I teachers 
interpret and respond to students’ cognitive obstacles in translating quadratic functions from 
graphic to algebraic representation. 
      Although Eraslan (2005) did not identify any problems that the two students had when 
solving quadratic equations, he noticed that the students preferred to use the method of factoring 




              Figure 2.1 Graph of a parabola 
 
 
Students’ Conceptual Obstacles in Solving Quadratic Equations 
      The methods of solving quadratic equations are introduced through factorization, the 
quadratic formula, and completing the square by using symbolic algorithms. Of these techniques, 
Didis (2011) argues that students prefer factorization since it is much faster than the other two 
methods. This result aligns with that from Eraslan’s study (2005). However, while applying 
factorization to solve quadratic equations students tend to follow the procedural rules without 
pay attention to the structure and conceptual meaning (Sönnerhed, 2009).  
      Didis and his colleagues (2011) analyzed challenges faced by two 10th graders in solving 
quadratic equations in terms of instrumental understanding and relational understanding. They 
found that the students failed to give correct answers when the quadratic equations are not 
presented in a standard manner, and they lacked conceptual understanding of the null factor law 
in solving quadratic equations. Table 2.2 provides the examples of students’ mistakes from both 
instrumental understanding and relational understanding. 
      To summarize, the first type of wrong solution (see problem 1 in Table 2.2) is that students 
carried the term −2! from the left side to the right and then simplified the term  !, which reflects 
a lack of understanding about the root ! = 0. 
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Table 2.2 Students’ mistakes in solving quadratic equations (Didis, et al., 2011) 






1.Find the solution set of the equation    
             !! − 2! = 0 
 
!! = 2! 
! = 2 
!! − 2! = 0 
(! − 2)(! + 1) = 0  
! = {−2, 1} 
2.Find the solution set of the equation  
    !! − ! = 12 
 
!(! − 1) = 12  
4(4 − 1) = 12  
4×3 = 12  

















3.To solve the equation (! − 3)(! − 2) =
0  for real numbers, Ali answered in a single   
line that “! = 3  !"  ! = 2”  Is this answer 
correct? If it is correct, how can you show its 
correctness? 
The answer is right. Since I 
wrote ! − 3 ! − 2 = 0  as  
!! − 5! + 6 = 0  and factorize 
to find roots of it. From 
! − 3 = 0  and (! − 2) =
0  “! = 3  !"#  ! = 2”. 
4. A student hands in the following work for 
the following problem. Solve    !! − 14! +
24 = 3 
        (! − 12)(! − 2) = 3  
        (! − 12)(! − 2) = 3×1  
        ! − 12 = 3    ! − 2 = 1  
        ! = 15          ! = 3  
        ! = {3, 15} 
Is this answer correct? If it is correct, how 
can you show its correctness? 
The answer is wrong. Since the 
equations are separated as (3,1) 
there is no error when 
 ! − 12 = 3  However, there is 
error when ! − 2 = 1. It must 
be ! − 2 = 3  then, x=5. 
Therefore, the solution will be 
{5, 15} rather than {3, 15} 
5.The solution of the quadratic equation  
    “2!! = 3!”  is given in the following;  
     According to you, is this solution  
     correct or not? Explain your  
     answer with its reasons? 
     Solution: 
     I. step   2!! = 3! 
     II. step  2  !  ! = 3  ! 
     III. step  2! = 3 
     IV. step   ! = !
!
 
     ! = {!
!
} 
The answer is right. 
 2!! = 3!  and !!is opened. 
2  !  !   = 3  ! 
Then the x is simplified. 2! = 3 





       
      From students’ explanations of this kind of error (see problem 5), we can discern that the 
reason why students missed the root ! = 0 is not that they solved the problem carelessly. They 
simply did not understand the underlying reasons why they would miss a root in the 
simplification process. The second type of wrong solution (see problem 2) is that students 
wrongly tried to transfer the null factor law into a new context. Due to their limited 
understanding about the null factor law, they did not see why this kind of transformation is 
impossible (see problem 4). The third type of wrong solution (see problem 3) is when students, 
attempting to solve quadratic equations presented in a factored form, tend to expand the two 
parentheses to get the standard form and then re-factorize. This kind of mistake aligns with 
previous researchers’ findings (Vaiyavutjamai & Clements, 2006; Lim, 2000). Additionally, 
Ellerton and Clements (2011) found that 79% of the 328 preservice middle school teachers in 
their study did not know that !! + 6 = 0  has no real-number solutions and many of them 
thought two  !’s in (! − 2)(! + 3) = 0  hold different values. This outcome aligns with that from 
Vaiyavutjamai and Clements (2006), who investigated the same topic among ninth graders in 
Thailand. 
      In order to help students to recognize their errors and build relational understanding of 
solving quadratic equations, there is a need to research teachers’ knowledge about students’ 
learning difficulties concerning quadratic equations (Didis et al., 2011). Therefore, the current 
study applies a couple of students’ errors, including students’ limited understanding about the 
null factor law, students’ instrumental understanding of the method of factorization and their 
misconception that the !  in quadratic equations hold two values simultaneously. Given that these 
errors were reported as popular mistakes among students, the study investigates how Algebra I 
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teachers interpret these students’ errors and how their responses help students to understand the 
underlying principles while following given procedures. 
      Previous studies on teachers’ knowledge about school algebra suggest that preservice middle 
school teachers are weak in their knowledge with respect to solving quadratic equations and 
connecting various kinds of representations of functions (Ellerton & Clements, 2011; Huang & 
Kulm, 2012). Therefore, students’ previous poor understanding of these essential topics from 
middle school emphasizes the need for high school teachers to support students in a way that not 
only reinforcing the rules but also highlighting the understanding of “Why”. Thus, it is 
imperative to explore high school math teachers’ efficiency in modeling real-life problems, 
translating among various representations of functions, and solving equations. In terms of these 
three aspects, it is also crucial to investigate how Algebra I teachers respond to students’ 
procedural and conceptual mistakes. 
Research on Teachers’ Knowledge 
Existing Framework on Analyzing Teachers’ Knowledge 
      Teachers’ knowledge, as a cornerstone in research on teaching and learning mathematics, has 
attracted numerous researchers’ attention in terms of content knowledge and pedagogical content 
knowledge (e.g., Ma, 1999; Hill, et al., 2005; Krauss, et al., 2008). With respect to content 
knowledge, Hiebert and Lefevre (1986) described that conceptual knowledge can be viewed “as 
a connected web of knowledge, a network in which the linking relationships are as prominent as 
the discrete pieces of information” (p. 3-4). On the other hand, procedural knowledge is regarded 
as a familiarity with mathematical symbols and the ways they are used, as well as the step-by-
step rules that are used to solve mathematical problems. Building on this definition, Son (2013) 
stated that conceptual knowledge is the explicit or implicit understanding of the principles that 
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govern a domain and the interrelations between pieces of knowledge in a domain. Procedural 
knowledge is defined as the action sequences for solving problems. 
      Concentrating on the development of procedural flexibility, Star (2005) further categorized 
procedural knowledge into superficial procedural knowledge and deep procedural knowledge2. 
He claimed that someone with only superficial procedural knowledge are likely to use standard 
technique, which may be less efficient in some problem situations. A more flexible problem 
solver with a deep knowledge of procedures can use techniques other than ones that are 
overpracticed to produce solutions that best match math problem conditions. Based on the 




Table 2.3 Framework of analyzing teachers’ content knowledge 
Sub-domain Analysis aspects Analysis sub-aspects 
Knowledge Correctness  Method 
Number of method 





      As the pioneer to study pedagogical content knowledge, Shulman’s work (1986) counts as 
one of the most fundamental and influential research, which guides further development of 
research on teachers’ knowledge. He identified and defined three categories of teachers’ 
knowledge: subject content knowledge, pedagogical content knowledge, and curricula 
                                           
2 Kilpatrick, Swafford and Findell (2001) defined procedural fluency is “skill in carrying out procedures flexibly, 
accurately, efficiently, and appropriately” (p.116). However, they elaborated this idea by focusing on teaching 
children mathematics. All the examples that they included in Adding It Up are related to carrying out procedures. I 
use the term deep procedural knowledge rather than procedure fluency is because this study focuses on algebra, 
which is beyond the topics about teaching children mathematics. Moreover, under algebra topics, students not only 
have to carry out procedures but also need to firstly figure out a method to solve problems. 
23 
knowledge. Pedagogical content knowledge in particular, as a new terminology in teachers’ 
knowledge, initiated a new direction for research on teachers’ knowledge. Different from 
teachers’ subject matter content knowledge, which is not considered different from that of those 
who work in other fields, pedagogical content knowledge is the kind of knowledge that is unique 
to teaching. As for different subject topics, teachers know in which way they can present topics 
to students most efficiently and in which representation students develop understanding most 
easily. This would mean that pedagogical content knowledge is not only unique to teaching, but 
unique to particular content teaching. PCK would look one way for math teachers and another 
way for English teachers.     
      Applying Shulman’s framework to mathematics teachers’ knowledge, Hill, Ball and 
Schilling (2008) developed a framework to investigate teachers’ mathematical knowledge for 
teaching: subject matter knowledge, which includes common content knowledge, specialized 
content knowledge, and knowledge at the mathematical horizon; pedagogical content knowledge, 
which includes knowledge of content and students, knowledge of content and teaching, and 
knowledge of curriculum. With respect to this framework, knowing mathematics for teaching 
asks teachers to excel both in unpacking mathematical ideas in a concrete and relatable way with 
which students are familiar, and in connecting students’ mathematical knowledge across 
different domains.  
      Building on Hill, Ball and Schilling’s framework for teachers’ mathematical knowledge for 
teaching, researchers started to develop specific frameworks for particular math topics. McCrory 
et al. (2012) identified three categories of knowledge for teaching algebra: school knowledge 
(knowing what they will teach), advanced knowledge (knowing more advanced mathematics that 
is relevant to what they will teach), and teaching knowledge (knowing mathematics that is 
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particularly relevant for teaching and would not typically be taught in undergraduate 
mathematics courses).  
      Additionally, Senk et al. (2012) in their comparative study on future primary teachers’ 
knowledge for teaching mathematics named two components of knowledge for teaching 
mathematics: mathematics content knowledge (MCK) and mathematics pedagogical content 
knowledge (MPCK). MCK items are classified into two cognitive domains: knowing, applying 
or reasoning while MPCK framework consists of three domains: curricula knowledge, 
knowledge of planning for teaching, and knowledge of enacting teaching and learning. Within 
knowledge of enacting teaching the researchers identified seven relevant aspects (See Table 2.4). 
Similarly, with respect to MPCK, An, Kulm and Wu (2004) explored middle school teachers’ 
pedagogical content knowledge in China and the U.S. in terms of four aspects: addressing 
students’ misconceptions, building on students’ math ideas, engaging students in math learning, 
and promoting students’ thinking about mathematics. These two studies reflect a move to define 
specific dimensions of teachers’ mathematics pedagogical content knowledge. 
 
Table 2.4 Knowledge of enacting teaching and learning 
Enacting mathematics for teaching and 
learning 
Categories 
 Explaining or representing mathematical concepts or 
procedures 
 
 Generating fruitful questions 
 
 Diagnosing students’ responses, including 
misconceptions 
 
 Analyzing or evaluating students’ mathematical 
solutions or arguments 
 
 Analyzing the content of students’ questions 
 
 Responding to unexpected mathematical issues 
 
 Providing appropriate feedback 
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      Comparing Senk and An’s frameworks for MPCK, I noticed that they both identified 
teachers’ knowledge of addressing students’ misconceptions and building on students’ math 
ideas to provide feedbacks. Moreover, recognizing and responding to student errors 
appropriately is one of the main tasks teachers perform in teaching mathematics (NCTM, 2000). 
The NCTM documents (2000) stress that mathematical errors should be used as catalysts for 
students’ mathematics learning. Since pedagogical content knowledge is a complex concept, this 
study only concentrates on a particular aspect of it, that is, teachers’ knowledge of students’ 
errors. 
      Given the importance of addressing students’ errors, previous researchers (Peng & Luo, 
2009; Son, 2013) developed specific frameworks for this piece of pedagogical content 
knowledge. Son (2013) analyzed elementary and secondary preservice teachers’ interpretations 
and responses to students’ error of proportional reasoning in similar rectangles. In this study she 
presented an analytical framework to analyze PST’s responses to students’ mistakes (See Table 
2.5). 
 
Table 2.5 Analytical framework for PST’s responses to students’ mistakes 
Aspect Categories 
1 Mathematical/ instructional focus Conceptual vs. procedural 
2 Form of address Show-tell vs. give-ask 
3 Pedagogical action(s) Re-explains, suggests cognitive conflict, probes student 
thinking, etc. 
4 Degree of student error use Active, intermediate, or rare 
5 Act of communication barrier Over-generalization, a Plato-and-the-slave-boy 
approach, or a return to the basics 
 
 
      According to Son (2013), conceptual knowledge is defined as the explicit or implicit 
understanding of the principles that govern a domain and the interrelations between pieces of 
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knowledge in a domain. Procedural knowledge is defined as the action sequences for solving 
problems. Form of address signifies whether teachers deliver verbal or non-verbal information 
for students to hear and see (this kind of responses usually uses the very words “show” or “ tell”) 
or for students to do something and to answer questions (this kind of responses usually uses the 
very words “give” and “ask”).  Act of communication barrier refers to the difficulties students 
and teachers have in communicating about student errors. In the over-generalization category, 
teachers tend to provide too general an intervention that doesn’t directly address students’ 
misunderstandings. By using a Plato-and-the-slave-boy approach, teachers assume that students 
actually know how to solve the problem correctly but simply have forgotten. Therefore, teachers 
plan to ask students questions in helping them to remember the math facts and procedures to 
solve problems. Returning to the basics means simply leading students to return to underlying 
principle. This method is regarded as either introducing more problems for students or making 
students forget the original problem.  
      Within the same vein, Peng and Luo (2009) developed a framework to analyze teachers’ 
knowledge of students’ mathematical errors (see Table 2.6). The framework includes two 
dimensions: nature of mathematical error and phrases of error analysis. With respect to the 
nature of mathematical error, there are four analytical categories: mathematical, logical, 
strategical and psychological. They also identified four analytical categories for the dimension of 
phrases of error analysis, namely, identify, interpret, evaluate, and remediate. The levels within 
each dimension of teacher knowledge of students’ mathematical errors are sequential and 
hierarchical, with progress from one level to the next, and the different levels of analysis support 
and complement one another by giving a holistic and structured picture of teacher knowledge of 
students’ mathematical errors.  
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 Mathematical Confusion of concept and characteristics, neglect the 





Logical False argument, rearrange concept, improper 
classification, argue in a circle, equivalent transform 
 Strategical Couldn’t distinct from pattern, lack of integral 
concept, not good at reverse thinking, couldn’t 
transform the problem 
 
 Psychological Mentality deficiency, lack of proper mental state 
 
 Identify Knowing the existence of mathematical error 
 
Phrases of error 
analysis 
Interpret Interpreting the underlying rationality of mathematical 
error 
 
 Evaluate Evaluating students’ levels of performance according 
to mathematical error 
 




      Comparing Son’s framework (2013) with Peng and Luo’s framework (2009), I found that 
Son’s framework (2013) of analyzing teachers’ responses to students’ mistakes is the 
“remediate” phrase of error analysis in Peng and Luo’s framework. In addition to “remediate” 
Peng and Luo’s framework also focused on identifying students’ mathematical errors, 
interpreting underlying rationality of students’ errors and evaluating students’ levels of 
performance according to mathematical error. In fact, to understand teachers’ knowledge of 
students’ error, it is necessary to investigate both how they analyze students’ errors and how they 
respond to students’ errors. Relating the current study to these existing frameworks, I apply the 
adapted version of Peng and Luo’s framework (see Table 2.7) to explore how teachers analyze 
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students’ errors and then use Son’s framework to analyze how teachers respond to students’ 
errors. In particular, in the designed problem scenarios I first ask teachers to identify, interpret 
and evaluate students’ errors and then ask the teachers to respond to the students’ errors. As for 
the “identify” and “interpret” phrases, I examine whether teachers are able to identify all the 
students’ errors and to discover all the underlying principles of the students’ errors. “Evaluate” 
phrase is quite subjective since different teachers may obtain different evaluation ideas according 
to students’ mistakes. Son’s framework suits well with the analysis of “remediate” phrase. By 
employing both of these frameworks the study presents a more comprehensive picture on 
teachers’ knowledge of students’ errors since how teachers interpret students’ errors directly 
affects how they respond to them. 
 
 
Table 2.7 Framework of analyzing teachers’ analysis of students’ errors 
Sub-domain          Analysis aspects 
Identify The number of students’ errors 
Interpret The underlying knowledge of students’ errors (number; concept vs. 
procedure-oriented) 
 
Evaluate Nature of students’ levels of performance 
 
 
Relationships between Teachers’ Knowledge and Students’ Achievements 
      In addition to describing and identifying what kinds of knowledge are necessary for teaching 
mathematics, researchers (Hill, et al., 2005; Peterson, et al., 1989; Harris & Sass, 2011) also 
investigated the relationships between students’ mathematics achievements and teachers’ 
knowledge. Overall, both teachers’ content knowledge and pedagogical content knowledge 
directly relates to students’ achievement. In terms of content knowledge, Hill, Rowan and Ball 
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(2005) measured teachers’ mathematical knowledge for teaching, which includes both the 
mathematical knowledge that is common to individuals working in diverse professions and the 
mathematical knowledge that is specialized to teaching. They reported that students’ 
mathematics achievement and teachers’ mathematical knowledge for teaching are positively 
related even at an elementary grade. Additionally, upper-elementary teachers’ mathematical 
content knowledge and their students’ achievement are significantly related after controlling for 
student- and teacher-level characteristics (Campbell, et al., 2014). In middle grades, Harris and 
Sass (2011) investigated the relationship between teachers’ training and students’ achievement. 
Based on their results, among various kinds of professional training programs the content-based 
training significantly relates to students’ achievement. With respect to pedagogical content 
knowledge, teachers’ knowledge of students’ knowledge and students’ mathematics problem-
solving achievement are positively correlated (Peterson, et al., 1989). Campbell et al. (2014) 
reported that middle grade mathematics teachers’ content knowledge and pedagogical knowledge 
were directly and positively related to students’ achievement, with or without teacher-level 
controls. 
Relationships within Teachers’ Knowledge 
      Based on well-developed theoretical frameworks about teachers’ knowledge, later on 
researchers focused on possible relationships between teachers’ different kinds of knowledge for 
teaching mathematics. Even (1993), through investigating preservice secondary teachers’ content 
knowledge and pedagogical content knowledge on the concept of function, suggested that 
advanced mathematics courses were not a guarantee of appropriate mathematical knowledge and 
the prospective teachers’ limited understandings of the topic restrict their ability to develop 
adequate pedagogies for teaching. Aligned with this statement, Wilson (1994) found a course 
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integrating mathematical content and pedagogy impacted the preservice teacher’s content 
understanding significantly but not her pedagogical practice. As for the relationship between 
math content knowledge and pedagogical content knowledge, Krauss et al. (2008) found German 
secondary math teachers with an in-depth mathematical training exhibited a higher degree of 
cognitive connectedness between the two categories of knowledge.  
       Since both teachers’ mathematical content knowledge and pedagogical content knowledge 
contribute to students’ achievement, in addition to exploring teachers’ knowledge of students’ 
errors, this study also examine teachers’ content knowledge. Although mathematics education 
researchers intended to explain the relationships between teachers’ content knowledge and 
pedagogical content knowledge, no that much has been revealed from existing research. 
Hopefully, this research can illustrate possible relationships between content knowledge and 
pedagogical content knowledge. 
      In conclusion, previous research on teachers’ knowledge emphasized elementary and middle 
school teachers rather than high school teachers. Based on a few explored topics, researchers to 
some extent suggest that secondary teachers are limited on both content knowledge and 
pedagogical content knowledge (Knuth, 2002), but little has been done on examining teachers’ 
knowledge systematically by including both content knowledge and pedagogical content 
knowledge. Many more topics need to be investigated in order to help high school mathematics 
teachers increase their knowledge for teaching. Also it is necessary to do comparative studies 
since such comparisons can explicitly inform how the U.S. teachers might learn from other high-




Research on Teachers’ Beliefs 
      Adequate mathematical knowledge for teaching to some extent guarantees teachers’ teaching 
proficiency and students’ achievement. However, the direct influences of school factors have 
little association with students’ mathematics performance unless influences of social and cultural 
factors are taken into consideration (Program for International Student Assessment, 2004). Given 
that teachers’ beliefs are critical cultural factors that influence teachers’ teaching practice and 
students’ achievement, and MCK and MPCK correlate with teachers’ beliefs (Blömeke, 2012), 
what’s more needs to be done is understanding the nature of teachers’ beliefs and how these 
beliefs affect teachers’ instructional decisions (Rachlin, 1989).     
Teachers’ Beliefs and Teaching Practice 
      Teachers’ beliefs powerfully impact the practice of teaching and ultimately affect students’ 
achievement (Ernest, 1989; Bromme, 2005). Raymond (1997) reported that teachers’ beliefs 
about the nature of mathematics links to teaching practice more strongly than their beliefs about 
the nature of mathematics teaching and the process of learning mathematics. Stipek, et al. (2001) 
investigated relationships among teachers’ various kinds of beliefs and the relationships between 
teachers’ beliefs and their instructional practices. They found that five dimensions of beliefs 
were strongly associated with each other: (1) mathematics is a set of operations to be learned; (2) 
students' goal is to get correct solutions; (3) the teacher needs to exercise complete control over 
mathematics activities; (4) mathematics ability is fixed and stable; and (5) extrinsic rewards and 
grades are effective strategies for motivating students to engage in mathematics. Also the 
teachers’ instructional practice was reported as consistent with these beliefs. Staub and Stern 
(2002), focusing on teachers’ beliefs about the nature of mathematics teaching, demonstrated that 
teachers with cognitive constructivist orientation were associated with larger student 
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achievement gains in mathematical word problems than those teachers with a direct transmission 
view. Within the same vein, Correa et al (2008) concluded that compared to U.S. upper-
elementary teachers, Chinese teachers’ beliefs are more aligned with constructivist views, which 
might be one of the reasons why Chinese students outperform their U.S. counterparts in 
international competitions.  
Teachers’ Beliefs and Knowledge 
      Teachers’ beliefs include many aspects, which relate to teachers’ knowledge significantly. 
Mathematics teachers’ beliefs mainly comprise their view or conception of the nature of 
mathematics; their view of the nature of mathematics teaching; and their view of the process of 
learning mathematics (Ernest, 1989). The proficiency of mathematics content knowledge (MCK) 
and mathematics pedagogical content knowledge (MPCK) increases beliefs about the nature of 
mathematics and decreases beliefs about the nature of mathematics teaching and the process of 
learning mathematics. Moreover, the proficiency of MCK and MPCK decreases the belief that 
being good at mathematics is a talent which someone is born with rather than a skill which can 
be learnt (Blömeke, 2012). Recently, Campbell et al. (2014) found that teachers’ claimed 
awareness of their students’ dispositions toward mathematics interacted with upper-elementary 
teachers’ content knowledge. Additionally, middle grade teachers’ beliefs regarding modeling 
mathematical solutions and organizing instruction to support incremental mastery of skills 
interact with both content and pedagogical knowledge. 
Teachers’ Beliefs of Students’ Learning Ability 
      Teachers’ belief is a complex system, teachers gain the aforementioned beliefs not only from 
their own math teaching and learning experience but also from the culture they live in. Compared 
Chinese and the U.S. students’ math learning attitudes, previous researchers (Shen, Sullivan, 
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Igoe, & Shen, 1996; Fuligni & Stevenson, 1995) revealed that Chinese students are more likely 
than their U.S counterparts to choose difficult tasks for themselves and are more likely to spend 
time to study mathematics. In terms of obtaining success in learning mathematics, both students’ 
self-efficacy and teachers’ beliefs and expectations are important. As for teachers’ beliefs about 
students’ learning abilities, Ma (1999), in her comparative study of Chinese and the U.S. 
elementary teachers’ fundamental understanding of mathematics for teaching, indicated that 
teachers’ beliefs about students’ learning abilities influence their instructional decisions. For 
example, when teachers believe their students’ math ability is too low to attain the mathematical 
understanding about some math topics, they may focus on teaching students to follow steps even 
though the teachers actually have deep understanding about the math topics. Thus, in order to 
improve students’ mathematical understanding and achievement, it is important to assure that 
teachers set up high expectations for students and believe all students are able to learn 
mathematics procedurally and conceptually. Relatedly, the current study focuses on teachers’ 
beliefs about students’ learning abilities. In particular, I examine the differences in beliefs 
between Chinese and U.S. teachers. 
      As for people’s learning abilities, Dweck (1986) made a distinction between the entity theory 
of ability and the incremental theory of ability. Within the entity theory of ability, intelligence is 
fixed and students focus on performance goals, which are to gain positive judgments and to 
avoid negative judgments. With this theory, students perceiving themselves with high abilities 
seek challenges and show high persistence when facing difficulties while students with low 
abilities tend to avoid challenges and stop persisting in challenges very soon. On the other hand, 
the incremental theory of ability supports the idea that intelligence is considered malleable. 
Students focus on learning goals, which involve increasing competence through effort. Within 
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the incremental theory, no matter what students’ perceive their abilities to be, they will finally 
achieve the behavior pattern that seeks challenges and consistently persists in challenges. They 
believe challenges foster learning, and making mistakes is just one element of the learning 
process and has nothing to do with their ultimate goal. In other words, they view intelligence as 
growing though focused hard work and effort. 
      Drawing on Dweck’s definitions, math teachers who believe in the entity theory of ability 
view mathematics ability as a talent that someone is born with and cannot be gained by learning. 
Teachers who fit into the incremental theory of ability believe mathematical ability can be 
attained through learning. Therefore, there is a risk that teachers who view mathematics ability as 
stable might devote less effort and time to students with low ability. In the same vein, Prawat 
(1992b) concluded that teachers who hold an entity theory of ability are likely to group students 
by ability and adjust teaching practices and learning requirements between groups. They focus 
on how much students know in general rather than on students’ understandings of math concepts. 
Table 2.8 shows specific beliefs for teachers who believe in an entity theory of ability and those 
who believe in an incremental theory of ability. Related the current study to the existing theories 
about beliefs in students’ mathematical ability, I will use table 2.8 to identify teachers’ beliefs in 
China and the U.S. 
      To summarize, previous studies explored teachers’ beliefs, the relationship between teachers’ 
beliefs and teaching practices, and the relationship between teachers’ beliefs and students’ 
achievement explicitly. Teachers’ belief is a complex system, and many specific beliefs are 
waiting for further explorations. Particularly, teachers’ beliefs about students’ learning ability are 
underrepresented in previous research. However, it is important to understand teachers’ beliefs 
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about students’ learning abilities since it is critical in the way that it decides teachers’ 
instructional decisions and teachers’ expectations for students with different learning abilities. 
 
 
Table 2.8 Teachers’ beliefs about entity theory of ability and incremental theory of ability 
 Entity theory of ability Incremental theory of ability 
Intelligence Intelligence is fixed. Mathematical 
ability is a talent that someone is 
born with and cannot be gained by 
learning. 
 
Intelligence is considered malleable. 
Students can achieve high 
mathematical ability through learning 
process. 
Learning focus Performance goals: to gain positive 
judgments and avoid negative 
judgments. 
 




Students with high ability seek 
challenges, students with low 
ability avoid challenges. 
No matter what students’ perceive 
their abilities to be, they will finally 
achieve the behavior pattern that seek 





Try to avoid making mistakes. Making mistakes is just one element of 
the learning process and has nothing to 




Different expectations for students 
with high abilities and students with 
low abilities. 
Similar expectations for students with 
high abilities and students with low 
abilities. 
 
Teachers’ focus How much students know in 
general. 




      In addition, beliefs are developed and cultivated by culture and context (Correa et al., 2008), 
and beliefs are cultural factors affecting students’ achievement. To understand the cultural 
reasons underlying students’ achievement gaps, comparing teachers’ beliefs across cultures and 
contexts is necessary, but it is in need of further exploration. In this study, I compare teachers’ 
beliefs about students’ learning abilities between Chinese and U.S. high school teachers. 
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Research on International Comparisons on Teachers’ Knowledge and Beliefs 
Comparative Studies on Teachers’ Knowledge 
      Noticing the weakness of teachers’ content knowledge and pedagogical content knowledge 
(Schmidt et al., 2011; Even, 1993; Knuth, 2002) and trying to explain the differences between 
students’ achievement in international assessments by teachers’ knowledge, previous researchers 
(Ma, 1999; An, et al., 2004; Senk, et al., 2012) have devoted efforts to comparative studies on 
teachers’ knowledge. Zhou, Peverly and Xin (2006) claimed that Chinese math teachers 
outperform U.S. teachers in MCK and MPCK, but lag behind their U.S. counterparts in general 
pedagogical knowledge while examining the knowledge of teaching fractions to third graders. 
Comparing middle school math teachers’ pedagogical content knowledge in China and the U.S., 
particularly the knowledge of students’ thinking, An, Kulm and Wu (2004) concluded that 
Chinese teachers emphasized developing both procedural and conceptual knowledge through 
reliance on traditional, more rigid practices while the U.S. teachers focused on developing 
students’ conceptual understanding through a variety of activities designed to promote creativity 
and inquiry. As for fundamental mathematics knowledge for teaching elementary school, Ma 
(1999) claimed that Chinese teachers outperformed their American counterparts significantly. To 
explain the cross-national differences among future primary teachers’ knowledge for teaching 
mathematics, Senk et al. (2012) claimed that the elementary teachers prepared to be mathematics 
specialists tend to score higher on mathematics content knowledge or mathematics pedagogical 
content knowledge than those prepared to be generalists. Scrutinizing the existing research, I 
noticed that few comparative studies have investigated high school teachers’ knowledge for 
teaching mathematics. It is worthwhile for two reasons to compare high school mathematics 
teachers’ knowledge across countries. First, high school teachers are prepared to be mathematics 
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specialists. Second, U. S. high school students fall behind their international counterparts from 
high achieving countries much more than elementary and middle school students do (TIMSS, 
2011). 
Comparative Studies on Teachers’ Beliefs 
      In terms of teachers’ beliefs, Correa et al. (2008) compared the U.S. and Chinese elementary 
teachers’ beliefs about how students best learn mathematics. The results revealed themes from 
U.S. teachers’ interviews including student discoveries, concrete representations, repetition and 
practice, and learning styles while those from Chinese teachers’ interviews were student interest, 
real life connections, prior knowledge, and student-teacher relationships. U.S. upper-elementary 
teachers’ concern for individual differences in learning styles and abilities suggests that U.S. 
teachers place great importance on stable attributes such as ability when making attributions of 
mathematical achievement. Different from the U.S. teachers’ opinions, Asian-American and East 
Asian students believed that the road to mathematics success is through effort and studying 
diligently (Chen & Stevenson, 1995). Chinese high school students are reported spending much 
more time on mathematical study than their U.S. counterparts (Fuligni & Stevenson, 1995). Later 
on, An et al. (2006) compared teachers’ beliefs about mathematics teaching and learning 
between 28 middle school teachers in U.S. and 33 math teachers in China. With respect to the 
goal of math education, U.S. teachers held that teachers should teach students how to solve 
problems in the real world. However, Chinese teachers believed that the key component of 
mathematics teaching was enhancing students’ abilities of logical and critical thinking. Overall, 
teaching is a cultural activity, and thinking about teaching and learning is informed by culturally 
shared ideas (Correa, et al., 2008). Therefore, to illustrate the cross-national differences among 
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students’ achievement, besides teachers’ knowledge for teaching mathematics, teachers’ beliefs 
is also an important element. 
      Previous comparative studies have focused on teachers’ knowledge concerning elementary 
and middle school mathematics topics while little attention has been paid to high school 
mathematics. Since high school is such an essential period of time for students to develop 
algebraic thinking, algebra topics in the high school mathematics curriculum need future 
comparative explorations in order to inform research and teaching. Although researchers began 
to consider the importance of teachers’ beliefs when comparing students’ achievement 
international-wide, few research studies have been focused on this broad concept. Previous 
researchers (e.g., Correa, et al., 2008) suggested that future comparative studies are necessary to 
better understand teachers’ beliefs about mathematics teaching and learning.  
Limitations of the Current Research Literature 
      First, in spite of a huge amount of attention on examining teachers’ content knowledge and 
pedagogical content knowledge, high school teachers have not been extensively involved in 
published research. High school is an essential period of time for students to develop 
mathematical understanding and proficiency given that some abstract ideas such as algebra and 
geometry are addressed at this time. In addition, U. S. high school students fall behind their 
counterparts from high achieving countries (TIMSS, 2011) more than middle school and 
elementary students do in international competitions. To conclude, more research should focus 
on high school teachers’ knowledge to fill this gap in the research literature. It is important to 
include both content knowledge and pedagogical content knowledge, which together affect 
teachers’ instructional decisions and students’ achievement. 
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      Second, teachers’ algebraic understanding has not received enough attention from previous 
research. Learning algebra as documented in the NCTM standards is more than manipulating 
symbols. The point is to help students develop the ability to use algebraic tools to represent and 
solve real-world problems. To fulfill this intention, teachers should be prepared to fully 
understand the algebraic topics and obtain corresponding pedagogies for teaching these topics. 
Therefore, studies on Algebra I teachers’ algebraic understanding is critical in helping teachers 
increase their understanding on both mathematical content and how to improve students’ 
learning.  
      Finally, little attention has been paid to cross-national analysis about teachers’ beliefs in 
order to explain students’ achievement gaps. Teaching and learning is a cultural activity (Correa, 
et al., 2008; Stigler & Hiebert, 1999). Students’ achievement is affected not only by teachers’ 
knowledge, but also by teachers’ beliefs. However, teachers’ beliefs about teaching and learning 
are cultivated in given cultural contexts and are with teachers even before they enroll into 
educational programs. Therefore, it is necessary to understand teachers’ beliefs about teaching 
and learning because teachers’ beliefs motivate their instructional decisions, which directly 
influence students’ learning and achievement.  
      To address these limitations found in previous research, this study compares Chinese and 
U.S. Algebra I teachers’ knowledge with respect to their content knowledge about quadratic 
equations and functions and their knowledge about students’ errors on these topics. Since the 
topic of teachers’ beliefs is such a broad and abstract idea, this study concentrates on comparing 
Chinese and U.S. teachers’ beliefs on students’ mathematical learning ability, particularly, to 
investigate whether teachers believe that learning mathematics successfully requires talent that 
someone is born with rather than expertise that can be gained through hard work. With 
40 
information about teachers’ knowledge, this study is positioned to reveal possible relationships 























Chapter 3: Methodology 
Methodology 
      This chapter addresses methods that employed to answer research questions presented in 
chapter one. Recall the four research questions. 
1. What are the similarities and differences between Chinese and U.S. mathematics teachers’ 
beliefs about students’ mathematical learning ability? 
2. What are the similarities and differences between Chinese and U.S. mathematics teachers’ 
content knowledge that related to quadratic equations and functions? 
3. What are the similarities and differences between Chinese and U.S. mathematics teachers’ 
knowledge of students’ errors in solving quadratic equations and translating between 
representations of quadratic functions? 
4. How does teachers’ knowledge relate to teachers’ beliefs about students’ learning ability?  
   (a) How does teachers’ content knowledge relate to their beliefs about students’ learning 
ability? 
   (b) How does teachers’ knowledge of students’ errors relate to their beliefs about students’ 
learning ability? 
Research Paradigm and Its Legitimacy 
Grounded Theory Method 
      To answer the above research questions, this study employs a qualitative method since this 
method allows for in-depth discovery and inquiry of new knowledge. In particular, I applied 
grounded theory inquiry, which matches well with the postpositivist paradigm. According to 
Hatch (2002), postpositivists agree that reality exists but they concede that the inherent order of 
the universe can never be known completely due to the limitations of human inquiry. Thus 
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postpositivist researchers who use disciplined research method such as “constant comparison” 
(Glaser & Strauss, 1967) or “analytical induction” (Robinson, 1951) work to the most extent to 
capture the reality.  
      Vital to the procedure of doing grounded theory is the notion of constant comparison, which 
engages the researcher in a give and take between inductive and deductive thinking that entails 
detailed analytic processes that require repeated confirmations of potential explanatory patterns 
discovered in the data. The meanings of potential categories emerge from data, and then the data 
are carefully analyzed to determine if those categories are valid (Hatch, 2002). 
The Legitimacy of this Inquiry Method in This Study 
      This study intends to describe Chinese and the U.S. Algebra teachers’ knowledge about 
teaching quadratic equations and functions and their beliefs about students’ mathematical ability. 
Teachers’ knowledge and belief do exists but we can never truly reflect these facts given the 
limitations of existing psychometric instruments. Given that no previous study is especially 
designed to investigate Chinese and the U.S. Algebra teachers’ knowledge about teaching 
quadratic equations and functions and their beliefs about students’ mathematical ability, this 
study is exploratory and employs a grounded theory approach (Strauss & Corbin, 1991).  
      This makes sense given that I have anticipated categories that might emerge, but at the same 
time, I am aware that new categories may emerge through open coding of the data. Even though 
no previous study specifically investigated teachers’ content knowledge and pedagogical content 
knowledge on the topic of quadratic equations and functions, teachers’ knowledge as an essential 
element of mathematics education research, has been systematically explored and many 
analytical frameworks were created. Meanwhile, although teachers’ beliefs about students’ 
mathematical learning ability hasn’t attracted enough attention from mathematics educators some 
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psychologists did develop theories on human beings’ learning ability. With the knowledge of 
existing analytical frameworks I did constant comparative analysis on this new topic, thus I 
expected categories that might emerging and also anticipated new contributions to the existing 
frameworks given the characteristics of the new research topic and context. Based on all these 
characteristics of my study, it fits well with the grounded theory method. 
      This chapter continues with a discussion of the context of the research and a description of 
participants. I then describe tasks developed and adopted for this study, data collection 




      The U.S. school district is located in a metropolitan area in the Southeast part of the U.S. The 
climate is humid subtropical. Summers are hot and humid and winters are generally cool, with 
occasional small amounts of snow. With 87 schools, the school system serves approximately 
56,000 students with 4,000 teachers, 120 principals and assistant principals and 3,000 
administrative staff. Approximately 16,230 students enroll in 14 high schools. Of the student 
population, 76.6% are white, 5.3% Hispanic, 2.2% Asian/Pacific Island, and 13.9% African-
American. By the statistics data from 2012, around 44.2% of the students in the state are eligible 
for free lunch. The school district adopted Common Core State Standards in 2011. Based on the 
timeline for implementing Common Core, Grades 3-12 math Common Core Standards has been 
fully implemented in 2013-2014 school year.  
      The school system benefits from an advantageous location that is proximate to a local 
comprehensive research university and a National Laboratory. Starting from 2010, the school 
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district undergoes several collaborations to connect the university’s STEM programs with 
teaching and learning at STEM academies. These collaborations include teacher preparation 
programs, an urban residency program combined with a master’s degree, and special programs 
for elementary schools with high numbers of immigrant and refugee families. The school district 
will benefit as STEM reinforces the school system’s strategic goal to be branded as a STEM 
workforce developer. Teachers will provide the test bed for utilizing modeling as an instructional 
tool, and in return they will receive valuable skills. Students will be the ultimate beneficiaries of 
a teaching methodology that can positively impact students’ performance in STEM disciplines. 
      The two Chinese school districts are located in a metropolitan area in the Northeast of China. 
The climate is between humid subtropical and humid continental. Summer is generally hot and 
humid, but very hot days are rare. Winter is cool to cold and windy, but generally dry. Within 
one of the two school districts there are two high schools with approximately 5,000 students and 
400 teachers. In the other school district there are five high schools with approximately 3,000 
students and 300 teachers in each school. Like most of the Chinese high school students, the 
students in the two school districts live on campus to prepare for college-entrance exam. 
Students learn mathematics all through their high school years no matter they are on science-
based track or on humanity-based track. The school districts follow the central curriculum 
adopted by almost all Chinese high schools, but they started to use province-designed college 
entrance exam in 2005.  
Content Focus 
      According to the Common Core State Standards, the sequence of high school math courses 
for U.S. traditional math program is Algebra I, Geometry and Algebra II. Typically students 
begin high school mathematics learning by taking Algebra I. However, depending on students’ 
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proficiency on the prerequisites for Algebra I, students are distributed to honors Algebra I, 
Algebra I and year-round Algebra I classrooms.  
      In China, high school students learn integrated mathematics from grade 10 to grade 12. They 
learn three years of mathematics, which includes content such as algebra, geometry, statistics and 
trigonometry. Basically students enroll in different high schools based on their performance on 
high school entrance exams. Within a certain high school, typically students are distributed 
equally into parallel classrooms. 
Participant Selection       
      Rather than employing a large data base to make universal conclusions, qualitative 
researchers prefer choosing individuals for study that have the potential to add key insights into 
the research problem or central phenomenon under study (Creswell, 2007). In this study, I am 
interested in exploring Chinese and the U.S. Algebra I teachers’ knowledge of quadratic 
equations and functions and their beliefs about students’ mathematical learning ability. In order 
to get the most useful data, criterion sampling is applied based on two prerequisites. First, 
participants must have taught Algebra I before or are currently teaching Algebra I. Second, 
participants must be math teachers who are currently teaching at high schools that have 
characteristics typical of each nation’s public schools with respect to the students’ ethnic, 
economic, and cultural diversity, 
      The reason underlying this selection criterion is multifaceted. Given that this study is 
designed to investigate teachers’ knowledge on quadratic equations and functions, it is necessary 
to recruit teachers who have taught these topics. Therefore, teachers who have taught Algebra I 
before are targeted. Although I did not require all participants are currently teaching Algebra I, it 
is vital that participants are in-service math teachers teaching in high schools. If participants are 
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no longer math teachers, the data collected will be biased since they cannot represent the 
characteristics of Algebra I teachers who are the target population of the study. Also the results 
of this study will lose the power to contribute to the teaching and learning of school algebra. 
      In terms of the number of participants to recruit for qualitative research, Creswell (2007) 
holds that “one general guideline in qualitative research is not only to study a few sites or 
individuals but also to collect extensive data about each site or individual studied” (p.126). 
Collecting extensive data for an individual or site requires a large time (and often monetary) 
commitment, therefore, a careful balance must be made between number of participants and the 
depth of information gathered for each participant. Thus, I attempted to obtain twenty 
participants in each country for this study.  
Participants 
      U.S. participants are 20 mathematics teachers who have taught or are currently teaching 
Algebra I in five high schools in the school district. Five of them are male while the other fifteen 
teachers are female. One of the teachers has a doctorate degree in administration and 
supervision; fifteen of the mathematics teachers hold master degrees in mathematics, 
mathematics education, education administration or science education; and the other four 
teachers have bachelor degrees in mathematics. Among the twenty teachers ten have less than 
five-year working experience in high schools while the other ten are experienced mathematics 
teachers with more than five-year teaching experience. Particularly, six of the teachers have 
more than twenty-year teaching experience. 
      Fifteen percent of the U.S. teachers did not report the number of college level mathematics 
courses that they had taken. Within the other eighty-five percent of the U.S. teachers, some 
teachers gave specific numbers of credit hours about college math that they had taken while the 
47 
others listed their earned degree in mathematics. In order to obtain a clear picture about the 
teachers’ math background, I converted the teachers’ degrees into credit hours (See Table 3.1). 
Given the differences in the education systems between China and the U.S., I further converted 
the credit hours into the number of courses in a way that three credit hours counts as one course. 
As a result, the U.S. teachers, on average, took fourteen mathematics courses in colleges. Ninety 
percent of the U.S. teachers reported the time that their students spend in learning Algebra I. On 
average, students take Algebra classes around seven hours per week and spend around two and a 
half hours per week on their Algebra I homework. 
      The Chinese participants are 20 math teachers who have taught or are currently teaching 
tenth to twelfth-grade mathematics in two high schools in a large metropolitan area in the 
Northeast of China. The number of female teachers equals to the number of male teachers. Two 
of the teachers hold master degrees in mathematics and mathematics education respectively 
while the other teachers have bachelor degrees in mathematics, mathematics education, or 
computer science. Among the twenty teachers three have less than five-year teaching experience; 
six have more than twenty-year teaching experience.  
      Seventy-five percent of the Chinese teachers reported the number of college mathematics 
courses that they had taken. On average, the teachers took more than eight college level math 
courses. According to the teachers, students take five and a half hours of Algebra classes per 
week and do more than seven hours’ homework per week.  
      Referring to Table 3.1, I found that while most of the U.S. teachers hold Master degrees most 
of the Chinese teachers have bachelor degrees. The group of Chinese teachers is more 
experienced than the group of U.S. teachers. However, the U.S. teachers took more college level 
math courses than the Chinese teachers. In terms of the time that students spent on learning 
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Algebra, it seems that Chinese students do not take as many classes as U.S. students do, but 
Chinese students spend more than twice of the time that U.S. students spent in doing homework. 
 
 
Table 3.1 Demographics and professional context of participants 
Characterizations of teachers Chinese (n=20) U.S. (n=20) 
Gender (%)  
  Male 50 25 
  Female 50 75 
Highest degree earned (%)  
  Bachelor 90 20 
  Master 10 75 
  Doctorate 0 5 
Major of the highest degree earned (%)  
  Mathematics 60 30 
  Mathematics education 35 50 
  Science education 0 5 
  Computer science  5 0 
  Administration & supervision  0 15 
Mean years of teaching experience (SD) 13.6 (8.4) 10.6 (10.8) 
Mean number of college mathematics 
courses (SD)3 
8.3 (5.4) 14(3.3) 
Mean number of hours that Algebra I 
students spend on homework per week 
(SD) 
7.1 (3.7) 2.3 (1.7) 
Mean number of hours that Algebra I 
students take class per week (SD) 




      Four open-ended questions were specifically adopted for examining both math teachers’ 
content knowledge and their knowledge about students’ errors on quadratic equations and 
functions. Ten theory-based Likert scale items, followed by an open-ended question, explored 
                                           
3 Although different universities set up different requirements about math courses’ credit hours in terms of the 
bachelor degree in mathematics, most universities ask for more than 40 but less than 50 credit hours in math courses. 
Thus I converted the teachers’ bachelor degree in math into 45 hours of college level math courses. Similarly, I 
converted the teachers’ master degree in math into 30 credit hours. 
49 
teachers’ beliefs about students’ learning ability. For the details of this instrument, please see 
Appendix A. The survey was first prepared in English and then translated into Chinese. 
Development of the Survey 
      The first part of the first math problem was designed to test the teachers’ knowledge of using 
quadratic functions to solve real-world problems. With respect to O’ Callaghan’s function model 
(1998), it examines the teachers’ conceptual knowledge of modeling. I went over both the current 
Glencoe Algebra I text and the 10th grade Chinese mathematics text, Shu Xue, which is the most 
frequently used text in China. In the texts, I found that the real world problems just required 
students to use the given algebraic expressions to find values of variables. This kind of practice 
is necessary, however, the real world situations have already been modeled by quadratic 
functions and students just need to apply these models to solve problems. Thus, adopting the 
object falling model embedded in both of the texts, I developed this problem, which asks for an 
algebraic expression of the function by giving certain values of variables. I added the second part 
of the first math problem in order to examine the teachers’ competency of solving quadratic 
equations. 
      The second math problem was adopted from Vaiyavutjamai’s study (2009), where he used 
this problem to explore whether students’ verbal, symbolic, tabular and graphical representations 
of quadratic functions were accurate and appropriately linked. The problem is appropriate for 
this study since teachers’ conceptual knowledge of translating is another aspect of quadratic 
function knowledge that I would like to examine. 
      The third math problem was designed to examine the teachers’ knowledge of identifying and 
responding to students’ errors in solving quadratic equations. This problem was developed from 
Ellerton and Clements (2011) given that many researchers (e.g., Lim, 2000; Vaiyavutjamai, 
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2004; Clements & Ellerton, 2006) noticed that students tend to hold the misconception that the ! 
in quadratic equations holds two different values simultaneously. Besides this common 
misconception, the problem also reflects that when using factorization to solve quadratic 
equations students often follow procedural rules without conceptual understanding about why the 
procedures work (Sönnerhed, 2009). Also this problem included students’ misconceptions about 
zero-product property (Didis, 2011). 
      The fourth math problem was designed to explore the teachers’ knowledge of helping 
students to translate from graphic to algebraic representation of quadratic functions. It’s from 
Eraslan’s study (2005). Including this problem in the survey is reasonable because the conceptual 
knowledge of translating is very important (Even, 1990; O’ Callaghan, 1998). Also translating 
from graphic representation to algebraic representation is difficult for students (Even, 1990; 
Eraslan, 2005; Zaslavsky, 1997). 
      Ten Likert scale items were developed according to Dweck’s theory of intelligence. With 
respect to both entity theory and incremental theory this study focused on five aspects of 
teachers’ beliefs about students’ mathematics learning ability: intelligence, learning focus, 
confidence to seek challenges, attitudes to make mistakes, and teachers’ expectations on 
students’ learning.  I developed two Likert scale items for each aspect to represent the opinion 
from people who hold entity belief and the opinion from those who believe in incremental 
theory. For instance, in terms of people’s intelligence the entity belief statement is 
“Mathematical ability is a talent that someone is born with and cannot be gained by hard work” 
while the corresponding incremental belief statement is “Students can achieve high mathematical 
ability through hard work”. 
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      Before sending the survey out to the participants, it has been reviewed by experienced 
mathematics education researchers and survey expert. Minor wording revisions were added 
based on their feedbacks. 
 




Access and Entry Procedures 
      To access the participants in the United States, I firstly submitted an IRB application to the 
office of research at the University. Meanwhile, I requested approval for conducting this research 
from the school district. Following this, I contacted school principals to obtain their approval to 
collect data from math teachers in their schools. With the approval from the school district, 
school principals and the office of research I visited the participants during a common meeting 
time to introduce my study and to invite them to join this study. 
      For the Chinese participants, I first contacted school principals to explain the study and asked 
for their approval to collect data from math teachers working in their schools. With the approval 
of the school principals, I contacted the participants by email and invited them to participate in 
the study. 
      After the participants signed the consent form to show they voluntarily joined the study, the 
paper-based surveys were delivered to each school. The teachers independently finished the 
survey in one week during their spare time and then returned it. 
Proposal	  
development,	  Aug	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  to	  Feb	  2014	  
Data	  Collection,	  
Feb	  2014	  to	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2014	  
Data	  Analysis,	  May	  
2014	  to	  June	  2014	  
Writing	  and	  
editing,	  July	  2014	  
to	  Oct	  2014	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Data Analysis 
      There were three sets of data, including teachers’ beliefs about students’ mathematical 
ability, teachers’ content knowledge about quadratic equations and functions, and teachers’ 
knowledge of students’ errors about solving problems related to quadratic equations and 
functions. Here I elaborate on the coding methods for the three sets of data respectively. In doing 
so, I offer detailed examples of the categories that emerged and how I coded items along these 
categories. Further, I offer explanations for key criteria for each of the categories. 
Data Analysis on Teachers’ Beliefs about Students’ Mathematical Ability 
      To analyze the ten Likert scale items about teachers’ beliefs concerning students’ 
mathematical ability, I reverse coded each item that was stated to reflect entity belief theory, 
along the five aforementioned aspects. Five categories describing teachers’ attitudes from 
“strongly disagree” to “strongly agree” were numbered from one to five. Thus, if participants 
selected five to show they strongly agree with statement reflecting entity belief theory, I reverse 
coded their response from “5” to “1”. Because they strongly believe in the entity theory means 
they strongly disagree with a statement that reflects the incremental theory. For each aspect of 
teachers’ beliefs about students’ mathematical learning ability, I calculated the average of the 
two items for each participant. In this way, the higher the participants score on the Likert scale 
items the more likely their ideas aligned with the incremental belief. The participants’ responses 
were summarized with respect to each aspect of the five aspects of teachers’ beliefs about 
students’ mathematical learning ability. I also calculated the average score for each participant 
and the average score for each aspect. Additionally, in order to see whether the Chinese teachers’ 
beliefs were significantly different from those of the U.S. teachers, I conducted five chi-square 
tests of independence with respect to five aspects of the teachers’ beliefs. 
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      Among all the Chinese and U.S. teachers’ responses, there were five missing responses out 
of the overall four hundreds responses. Considering the small number of the participants and the 
small percentage of missing data, I used the mean value of the category where each missing data 
was from to substitute the missing data. 
       Within grounded theory approach (Strauss & Corbin, 1991), constant comparative 
analysis was applied to analyze the follow-up question about teachers’ beliefs concerning 
students’ mathematical ability. Given that this is an open-ended question and the teachers freely 
talked about their opinions based on their teaching and learning experiences, there is no existing 
analytical framework from which I can draw. Thus, the data were reviewed repeatedly, and 
coded continuously. In doing so, categories emerged from the analysis process were tested and 
refined in an ongoing manner. After identifying categories describing teachers’ opinions about 
students’ mathematical learning ability, another coder and I coded two participants’ responses 
from each country another time and we reached a satisfying agreement rate (between 75% and 
90%). 
Analysis of Teachers’ Content Knowledge about the Real-World Problem 
      As for the teachers’ content knowledge, I used the adapted analytical framework for content 
knowledge (Table 2.3) to code the participants’ responses. I elaborate further on the table here in 
order to provide an account of my methods in coding the data and to illustrate the categories that 
came out of the data. As articulated in Table 2.3, I firstly checked whether the participants 
attained the correct answer, then investigated what method they used to solve the problem and 
how many methods they employed to get the correct answer. Next, I examined the participants’ 
explanations about their solutions. To categorize the nature of this justification, I repeatedly read 
the participants’ responses and systematically compared their responses.  
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      In Table 3.2 (see Appendix B), I offer examples of my coding process to illustrate the 
different categories of responses. This data focused on teachers’ knowledge of using quadratic 
functions to solve real world problems. If participants gave incomplete or wrong answers, I did 
not continue examining the methods and justifications. For example, in the first response, the 
participant employed the standard form of quadratic functions from which three equations were 
introduced to solve for three unknown coefficients. Although the answer was correct, the 
participant clearly followed the over-practiced procedures of using the standard form of 
quadratic functions to solve the problem. Thus I coded the response as procedural.  
      In the second response, the participant used the vertex form of quadratic functions, which is 
more appropriate than the standard form. Given that the vertex coordinates were available, 
applying the vertex form meant there was only one coefficient that needed to be determined. 
However, using the standard form of quadratic functions generated three undetermined 
coefficients. Even though the use of different forms of quadratic functions does not directly lead 
to a correct answer, the flexibility reflected in selecting the vertex form of quadratic functions to 
solve the problem shows that the participant holds deep procedural knowledge. Similarly, the 
third response also shows the participant has deep procedural knowledge.  
      Different from these procedural understandings of quadratic functions, the fourth response 
shows the participant’s conceptual understanding of quadratic functions. She not only used the 
appropriate form of quadratic functions to solve the problem, but also recognized some critical 
properties of the function, such as the axis of symmetry and the function opens down. 
Additionally, she drew a graph to represent the path of the parabola. The fifth response also 
presents the graphic representation of the parabola, but this work did not show evidence that the 
participant showed the conceptual understanding of the problem. Although the participant used a 
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graph, he or she labeled the coordinates of the three given points with no further explanation 
about the characteristics of the quadratic function. In this way, it seemed that the graph was used 
to visualize and organize all the given information. Thus the graph did not provide evidence that 
the participant made any connection between the mathematical model of the real world problem 
and the characteristics of quadratic functions. 
      The sixth response is incomplete with no specific answer, although the participant elaborated 
on how to solve the problem. The last two responses are examples of wrong answers. The 
participants intended to use formulas and facts learned from physics to solve the problem, but 
failed. The physics method failed since the teachers took it for granted that the fireworks were 
set off on earth. In addition, if the participants had used the given information to check their 
answer would have been obvious that two given points did not satisfy their functions. 
Analysis of Teachers’ Content Knowledge about Solving the Quadratic Equation 
      The same analytical framework (Table 2.3) was employed to analyze the participants’ 
knowledge of solving quadratic equations. Table 3.3 shows coding examples of the teachers’ 
responses to solving quadratic equations (see Appendix B). 
      When coding the participants’ responses of solving the equation, I first checked whether two 
solutions were correctly solved. For example, in the first response, the two solutions were found, 
so I deemed the answer to be correct. I gave “one solution” to the participants who only indicated 
one correct solution. “No answer” means that participants did not actually solve the equation but 
just explained what equation they would solve. As for the equation solving methods, the 
participants employed the methods of the quadratic formula and completing the square. The first 
and third responses presented the method of completing the square while the second response 
showed the procedures of applying the quadratic formula. Although there was one correct 
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solution in the fourth response, the participant did not show the problem solving procedures. 
Thus, it is unclear which method the participant used to obtain the solution. Finally, the 
participants who provided the last two responses in Table 3.2 did not solve the quadratic 
equation but elaborated on how they would do to find the time when the firework was at 50 ft. 
Different from the fifth response, in the sixth response the participant explained that the 
quadratic formula can be used to solve the equation.  
      I coded participants’ justifications as procedural if they either just provided answers without 
procedures or presented only procedures in solving the equation. I also coded calculator-use as a 
procedural method, because the participants who employed this method followed the steps of 
common procedures and used calculators to perform all the calculations. According to CCSSM 
(2010), strategic competence in solving equations includes looking ahead for productive 
manipulations and anticipating the nature and number of solutions. I coded the third response as 
strategic fluency, because the participant not only presented explicit equation-solving 
procedures, but also articulated the idea that because parabolas are symmetric the equation 
should have two solutions. Obviously, he or she understood there were two solutions before 
starting to solve the equation.  
Analysis of Teachers’ Content Knowledge about Translating among Representations of 
Quadratic Functions 
 
      The teachers translated the graphic representation of a quadratic function into an algebraic 
representation, a word description, and a table representation. In Table 3.4 are coding examples 
of the teachers’ response in writing an algebraic equation to represent the given graph (see 
Appendix B). 
      To code the teachers’ justifications of translating from graphic representation to algebraic 
representation, I used the categories of procedural, deep procedural, and conceptual. For 
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example, plugging in the coordinates of three points on the graph into the standard form of 
quadratic functions, is coded as procedural. Because this kind of explanation reflects that the 
teachers just remembered the standard form of quadratic functions and followed the commonly-
discussed method to solve the problem. This kind of method is called “standard” since the 
standard form of quadratic functions is employed to solve the problem. A couple of teachers used 
quadratic regression to attain the algebraic expression of the function (see the second response in 
Table 3.4). Although this method avoids calculations, still it is simply using technology to solve 
the problem without any evidence of the teachers’ flexibility in selecting problem solving 
methods and their sound reasoning about the problem. As a result, I also coded this kind of 
solution as procedural. Those teachers who applied the vertex form of quadratic functions, 
however, showed their ability to flexibly choose the form of quadratic functions that makes the 
calculation process easier. Thus their justifications were coded as deep procedural. I labeled this 
method “vertex”. Similarly, those teachers who used the factored form of quadratic functions to 
solve this problem also showed evidence of deep procedural understanding of the translation 
among representations of quadratic functions. Two teachers who used the method “function 
transformation” found that the graph of the given function is shifted one unit left from the parent 
function. This observation makes the calculation easier since it reduces unknown coefficients. As 
a result, I coded this kind of response as deep procedural as well. As for some teachers who 
directly gave the correct algebraic expression by verifying that the graph has the normal width 
and just shifts one unit left horizontally from the parent function, they showed evidence of 
conceptual understanding about this problem. They indicated not only the sound understanding 
of the meanings of the coefficients in the standard form, but also the relationship between the 
parent function and the shifted function. Some teachers also directly gave out the correct 
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algebraic expression, but they did not justify why. I speculate that it is unlikely that they guessed 
and obtained the correct answer. However, they did not offer any evidence of the nature of their 
understanding. 
      Table 3.5 (see Appendix B) shows how I coded teachers’ responses of using words to 
describe the graph of the quadratic function. Since it is such an open-ended question that the 
teachers, as a group, elaborated the given graph in eight ways. If a participant elaborated the 
graph in more than one ways then the participant’s response received more than one code. The 
first response in Table 3.5 is an example of how teachers used words to describe the algebraic 
expression of the function they obtained from the previous question. I coded the second response 
as “parent function” because the participant explained how the given quadratic function was 
shifted from the parent function.  
      The third response elaborated there is a functional relationship between the independent 
variable and the dependent variable. While the third response merely illustrated the existence of 
the functional relationship the fourth response elaborated this relationship in terms of the 
correspondence function definition. The fifth response used words to visualize the graph of the 
quadratic function. Although the participant who gave the fifth response described how the ! 
value changes according to the change of ! value, this “rate of change” response helped us to 
draw the parabolic graph in our minds. Characteristics of the function, such as the axis of 
symmetry and the monotonicity of the function, were elaborated on the sixth response. The 
seventh response presented a formula illustrating the general rules of function transformation4. 
The last response demonstrated why the participant believed the given graph was a parabola. 
                                           
4 Here the function transformation refers to liner function transformation, which involves horizontal and vertical 
stretching and shrinking as well as horizontal and vertical shifting.  
59 
Given that parabolas are symmetric shapes, in the last response the participant used points on the 
graph to verify the symmetric characteristic of the quadratic function. 
      As for the word descriptions of the functional relationship presented in the graph, it was hard 
to categorize the aforementioned eight types of participants’ responses into procedural 
understanding and conceptual understanding since each response individually highlighted a 
distinct aspect of the function. However, different concentrations emerged from the responses 
revealed the participants’ different kinds of thinking and understanding.  
      Given that when various representations of functions were combined, information from the 
combination facilitates a more deep and comprehensive understanding of the underlying 
functional situation (Even, 1990). It is critical that besides the algebraic expression that was 
obtained from the first part of the second mathematics problem the participants could identify 
additional information from part two of the problem. In other words, the word description of the 
algebraic expression did not reveal any additional information that facilitated a deep 
understanding of the given quadratic function. Except the first kind of response in Table 3.5, all 
the other responses showed additional information about the quadratic function, but this 
information differed in terms of the extent to which it helped to understand the underlying 
functional situation. While “parent function”, “function relationship”, “function definition”, 
“function transformation” and “the characteristics of the function” provided information that 
could glean information about the participants’ previous knowledge concerning quadratic 
functions, the participants who described how the ! values changed in terms of the change of ! 
values seemed to draw a mind picture of the quadratic function, which reflects a deep 
understanding. Furthermore, those participants who demonstrated why they believed the graph 
was a parabola showed comprehensive understanding of the functional situation.  
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      The third part of the second mathematics problem is the translation from the graph 
representation to the table representation. Coding examples are in the Table 3.6 (see Appendix 
B). 
      I coded the participants’ method as “read from graph” if they used words, such as “read” and 
“see” to describe their methods to make the table representation of the function. Clearly, they 
made the table by observing the given graph without any calculation. “Calculation” refers to the 
method that participants used for the algebraic expression from part (a) of this problem to 
calculate coordinates of specific points on the graph and then make a table with these points. 
Comparing the third response in Table 3.6 with the first two responses, I noticed that in the table 
of the third response there were ellipses, which represented many other points that should have 
been listed in the table. With respect to Zaslavsky’s finding that it is hard for students to imagine 
the parabola as extending forever, I believe the participants who used ellipsis in the table showed 
their understanding that the parabola extends forever because they knew it was impossible to list 
all the points in a table so they used ellipses to represent those points that were not listed on the 
table. Thus, I coded this kind of response as conceptual. Otherwise I coded the responses like the 
first two in Table 3.6 as procedural.  
Analysis of Teachers’ Knowledge of Amy’s Errors from Solving a Quadratic Equation 
 
      As for teachers’ knowledge in analyzing students’ errors, I applied the integrated framework 
that comes from Son’s framework (2013) and Peng and Luo’s framework (2009), (see Tables 2.5 
and 2.6). Simultaneously, I expected new categories to come out of the participants’ responses, 
which would contribute to the existing frameworks. As elaborated in Tables 2.5 and 2.6, in terms 
of evaluating and interpreting students’ errors, I first coded the participants’ evaluations of the 
student’s performance on the math topic. Then, I examined whether the participants discovered 
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all the student’s mistakes presented in the question scenario. Furthermore, I checked whether the 
participants identified all the underlying mathematical concepts and principles of the student’s 
errors.  
      The participants’ responses in helping students to correct their errors were analyzed in terms 
of five aspects as elaborated by Son (2013). The conceptual versus procedural distinction was 
utilized first, followed by the identification of pedagogical actions. After addressing these global 
oriented characteristics of the teachers’ responses, more detailed analysis was conducted with 
respect to teaching approaches: form of address, pedagogical action, use of student error and 
communication barriers.  
      In Ellerton and Clements’ original study (2011), they identified four mistakes from the 
question scenario of solving quadratic equations (see Figure 3.2): 
• Lines 2, 3, and 4 were unnecessary, since the left-side is already factored in Line 1. 
• In Lines 5 through 7, the word “or”, and not “and”, should have been used. 
• For the check, the solutions should have been substituted into Line 1. 
• For the check, each solution should have been substituted into both parentheses in the 
initial equation. 
However, given that Line 1 is the initial equation, the third mistake that Elllerton and Clements 
identified above seems to be included in the fourth mistake. Thus with these three mistakes in 
mind I analyzed the participants’ responses. 
1. Lines 2, 3, and 4 were unnecessary, since the left-side is already factored in Line 1. 
2. In Lines 5 through 7, the word “or”, and not “and”, should have been used. 





Figure 3.2 The quadratic equation scenario  
 
      With respect to the first mistake, Amy did unproductive work in Lines 2, 3, 4. She wanted to 
use factoring to solve quadratic equations, but she failed to recognize the problem was given in 
the factored form. This mistake most likely came from her learning experiences that use 
factoring to solve quadratic equations must start from formulating quadratic equations into the 
standard form. This practice aligns with Zaslavsky’s statement that students prefer the standard 
form of the quadratic equation to the factored form or the vertex form. However, Amy’s mistake 
comes from her limited understanding about the rationale of the method of factorization, which 
is the zero product property. Using factoring to solve quadratic equations, one needs to formulate 
the polynomial into the product of factors and then apply the zero product property to set each 
factor equal to zero. 
      Line 5 is also wrong. Superficially it seems Amy mistakenly used “and” rather than “or”. In 
fact, she didn’t understand the zero product property, the difference between “and” and “or”, and 
the meaning of solutions for quadratic equations. By the zero product property we know that to 
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get the zero product it is enough to make one of the factors is zero. Therefore, the logic word 
“or” should be employed to connect the two solutions. In terms of the meaning of solutions for 
quadratic equations, I mean the solutions are the intersections between the graph of the quadratic 
function and the !-axis. Therefore, the variable cannot simultaneously take on two different 
values. Referring to the definition of solutions of equations, it also clearly tells that the 
independent variable can only take on one value at a time. Mistakes in lines 6 and 7 follow from 
the mistake in line 5. 
      The mistake in the checking process also comes from Amy’s limited understanding about the 
meaning of solutions for quadratic equations and the zero product property. With the above 
interpretations I talked with two experienced mathematics education researchers, they both 
agreed with my thinking. 
      To summarize, the student did not have a clear understanding of the following four pieces of 
mathematical concepts and principles: 
1. Rationale of the method of factorization 
2. Zero product property 
3. Difference between “and” and “or” 
4. Meaning of solutions for quadratic equations 
Teachers’ Identifications and Interpretations about Amy’s Errors 
      Table 3.7 (see Appendix B) are examples of the teachers’ identifications of Amy’s mistakes. 
Table 3.8 (see Appendix B) are examples of teachers’ interpretations of Amy’s mistakes. In 
Table 3.9 (see Appendix B), I presented coding examples of the teachers’ responses to the part 
(a) of the third problem. 
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      Part (a) of the third math problem is developed to determine the participants’ knowledge of 
evaluating, identifying, and interpreting students’ errors. With the analytical framework and the 
identified students’ errors and the underlying mathematical knowledge of these errors, I coded 
the participants’ responses repeatedly in an on-going manner (See Table 3.9). Firstly, I tried to 
identify the participants’ evaluations of the student’s performance in solving quadratic equations. 
In the first response presented in Table 3.9, the participant elaborated on all of Amy’s mistakes, 
thus I coded the participant’s evaluation as “wrong”. The second response stated “Amy’s 
thinking process is correct, but also has mistakes.” This evaluation indicates that the participant 
acknowledged the correctness of Amy’s work while pointing out the existing mistakes. Thus I 
coded the response as “partially correct”. Different from the first two responses, the third 
response stated that, “The first couple of steps are not necessary. Otherwise, her mathematical 
reasoning is sound.” Therefore, I coded the response as “correct with unnecessary work”. 
Similarly, the fourth response was also “correct with unnecessary work.” In the fifth response, 
the participant said, “Amy’s answers are correct, but I would say that her mathematical reasoning 
is incorrect.” I consequently coded this response as “correct solutions without sound reasoning.” 
The last response in Table 3.9 is absolutely positive. The participant not only agreed that “Amy 
did work the problem correctly,” but also believed Amy “understands the meaning behind the 
solutions to a quadratic.” 
      To code the teachers’ knowledge of identifying Amy’s errors, I checked which mistake(s) 
was identified and how many of the three errors were identified. Table 3.7 presents the three 
mistakes. In my coding, “Mis 1” refers to the first mistake, which related to “Lines 2, 3, and 4 
were unnecessary.” “Mis 2” refers to the second mistake: “In Lines 5 through 7, the word ‘or’, 
but not ‘and’, should have been used.” “For the check, each solution should have been 
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substituted into both parentheses in the initial equation” is the third mistake, which I used “Mis 
3” to represent. In the parenthesis below the identified errors, I used a number to count the 
number of mistakes identified by each participant. For example, in the first response the 
participant recognized all three mistakes. Thus, I coded this response “Mis1,” “Mis2,” and 
“Mis3.” The number 3 in the parenthesis means that the participant identified three errors in 
total. 
      The coding process of the teachers’ knowledge of interpreting the student’s errors is similar 
to that of the teachers’ knowledge of identifying the student’s errors. Table 3.8 shows examples 
of teachers’ interpretations. “Interp 1”, “Interp 2,” “Interp 3,” and “Interp 4” respectively 
represent understanding the rationale of factoring method, zero-product property, the difference 
between “and” and “or”, and the meaning of the solutions of quadratic equations. I coded which 
underlying knowledge the teachers recognized and also counted the number of these identified 
underlying mathematical concepts and principles. Take the fourth response as an example, the 
participant recognized Amy failed in line 5 because she didn’t get the zero product property, thus 
“Interp2” was assigned to the response. Also the participant was assigned “Interp 4” because in 
his or her statement I found that the independent variable could not take on two different values 
simultaneously, that is the interpretation of the meaning of solutions of quadratic equations. In 
total, the participant identified two pieces of mathematical knowledge that underlied Amy’s 
problematic reasoning.  
Teachers’ Responses to Amy’s Errors 
      Tables 3.10 and 3.11 (see Appendix B) record my coding examples of the participants’ 
knowledge about responding to the student’s errors. I used two tables to present my coding along 
the six aspects of teachers’ responses, such as addressed mistakes, knowledge focus, pedagogical 
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action, form of address, use of student error, and communicative barrier. The underlying reason 
that I included addressed mistakes, knowledge focus and pedagogical action in one table and the 
other three aspects in another table is that addressed mistakes, knowledge focus and pedagogical 
action are more “global” characteristics of teachers’ responses than form of address, use of 
student error, and communicative barrier. In sequence, when teachers respond to students’ errors, 
they first need to decide which error and what kind of knowledge they would like to address. 
After deciding the knowledge focus of responses, teachers subsequently determine appropriate 
pedagogical actions. Based on different mathematics topics and students’ characteristics, 
teachers are challenged to find the most suitable pedagogical methods, which can help students 
to grasp the knowledge focus and understand how to correct their errors. While the decided 
knowledge focus and pedagogical actions depict a holistic picture of how teachers present their 
responses to students, I further explored instructional details, such as the way teachers addressed 
their pedagogical actions, to what extent they employed students’ errors to address the 
knowledge focus, and what communicative barriers existed in their responses.  
      The first response in Table 3.10 mainly elaborates the meaning of “or” and “and.” Since 
these two logic words are important mathematical concepts I counted this piece of knowledge as 
conceptual. Correspondingly, the pedagogical action is summarized as “teach the difference 
between ‘and’ and ‘or’.” Given that elaborating the differences between “and” and “or” 
addresses Amy’s second mistake, this addressed mistake is documented as “Mis 2.”  In the 
second response, the teacher explained two pieces of knowledge, the zero-product property and 
the meaning of the root of an equation, conceptually. Thus, the overall knowledge focus is 
conceptual. After reviewing these two pieces of related knowledge, the teacher revisited the 
problem with Amy and also provided another similar problem for her to consolidate renewed 
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knowledge. Because of this, I assigned four codes to these pedagogical actions. Although there 
was no specific description about how the teacher helped Amy to correct her mistakes, the 
revisiting practice actually served this function. Since the teacher identified all of Amy’s 
mistakes and intended to revisit the problem with Amy, it is evident the teachers address all the 
three mistakes. In the third response the participant also included two pieces of knowledge, 
however the difference between “and” and “or” seems to be addressed in a conceptual manner 
while the zero-product property was elaborated on through procedural examples. Therefore both 
“conceptual” and “procedural” codes were assigned. Subsequently, I gave two codes to this 
response in terms of pedagogical actions. Although the teacher explained two pieces of 
knowledge, the mistake that was specifically addressed was only the solution-checking mistake. 
The participant who provided the fourth response explicitly demonstrated procedures used in 
checking the solutions of quadratic equations. Meanwhile, the participant also addressed Amy’s 
third error. The knowledge focus is definitely procedural because of the exclusive attention to 
steps in the process. In the final response, the participant did not address any mistake or 
mathematical knowledge, but asked Amy some questions to expand her mathematical 
understanding. Thus, there is no knowledge focus for the response. 
      The coding of the above five responses in terms of form of address, use of student error, and 
communicative barrier continues in Table 3.11 (see Appendix B). As elaborated by Son (2013), 
form of address signifies whether teachers deliver verbal or non-verbal information. The show 
and tell approach is that teachers use words to teach students mathematical concepts and 
procedures. In this process teachers take on an active role while students are passive receivers. 
This approach usually uses the very words “show” or “tell” but also “explain,” “teach,” and “talk 
to.” A “give and ask approach” on the other hand acknowledges that students should play an 
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active role in their learning. Thus, teachers ask students questions and give them examples or 
pictures to stimulate their thinking. This approach usually uses the very words “have,” “ask,” 
“give,” or “suggest,” but also “listen” and “talk to.” For example, the first response in Table 3.11 
is “show and tell”, this is because the teacher employed “teach” to respond to Amy. The second 
response was coded as both “show and tell” and “give and ask.” Reviewing the teacher’s 
response, it is obvious that the teacher elaborated some mathematical facts as well as asked Amy 
questions to get her involved in the teaching process. Since two different forms of address may 
take place simultaneously I gave the second response two codes.  
      The use of student error aspect addresses to what extent students’ errors were included in 
teachers’ responses. Actively using the student’s errors, the teachers either led Amy to revisit her 
errors or focused on Amy’s errors in their responses. For example, the second response below is 
the active use of student error since the teacher intended to revise the problem solving 
procedures together with Amy. With respect to the intermediate use of student error, students’ 
errors are employed, but do not dominate the entire response. In this case, students’ errors are 
addressed briefly as applications of the mathematical knowledge that teachers emphasized. For 
example, in the first response below, the participant mainly talked about the difference between 
“and” and “or,” and then Amy’s error on “and” and “or” was corrected as an example of 
applying the conceptual knowledge about “and” and “or”. Fitting in the category of rare use of 
student error, teachers typically did not mention Amy’s errors at all and just provided correct 
problem solving procedures that Amy needs to follow.  
      In Son’s work, she developed three categories to describe communicative barriers: “over-
generalization approach,” “Plato-and-the-slave-boy approach,” and “return to the basics 
approach.” According to Son (2013), teachers who employ the over-generalization approach 
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address general knowledge that students need to understand in order to correct their errors. 
However, the provided information is so general that students are still confused about connecting 
the general knowledge with their errors. The “Plato-and-the-slave-boy approach” causes the 
student-teacher communicative barrier because teachers assume students actually have all the 
necessary knowledge and simply forget. Therefore, teachers ask questions to help students recall 
knowledge rather than re-teach the needed knowledge. If teachers who use “Plato-and-the-slave-
boy approach” assume students know everything, then teachers who employ the “return to the 
basics approach” believe students know nothing at all and teachers should go back to the basic 
facts and knowledge. While Son (2013) described three cases where teachers show their 
communicative barriers when responding to students’ errors, I developed one more category 
where teachers do not have communicative barriers, that is, “specific to student errors approach,” 
which is a case where teachers address student errors properly by focusing on target student 
errors. 
      The second, third and fourth responses in Table 3.11 specifically addressed Amy’s errors by 
showing step-by-step procedures of how to achieve the correct solution. The participant who 
gave the final response in the chart did not think Amy made any mistakes and thus posed 
questions to expand Amy’s mathematical understanding. Believing Amy has the necessary 
mathematical knowledge, the participants asked questions to help Amy recall. Therefore, this 
kind of communicative barrier illustrates the “Plato-and-the-slave-boy approach.” In addition, 
more than one communication barriers can take place simultaneously so accordingly I gave more 




Analysis of Teachers’ Knowledge about Amy’s Confusions about Translating from 
Graphic Representation to Algebraic Representation of a Quadratic Function 
 
Teachers’ Identifications of Amy’s Knowledge Deficiencies 
      Although the fourth math problem like the third math problem probed the participants’ 




Figure 3.3 The quadratic function scenario 
 
 
      She just started by plugging the vertex into the standard form of quadratic functions and then 
was lost. Based on the nature of this problem, it is reasonable to focus on teachers’ ability in 
interpreting students’ errors. Amy did not finish solving the problem, thus there seems no need 
for the participants to evaluate Amy’s performance. Also she did not make any mistake, which 
makes identifying errors impossible. Table 3.12 (see Appendix B) shows coding examples of the 
participants’ responses about identifying the obstacles in Amy’s reasoning. As aforementioned 
Amy had three reasoning obstacles, I used “graph” to refer to the first obstacle that Amy shows 
she is lacking the ability to read graphs. “Form” points to the second obstacle that Amy lacks the 
ability to flexibly choose among three forms of quadratics while “undetermined” refers to the 
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third obstacle that she did not understand the method of undetermined coefficients. When the 
participants identified none of the above three learning obstacles I coded the response as “none”. 
Since the participants can simultaneously find more than one obstacle, more than one code was 
assigned depending on situations. 
Teachers’ Responses 
      The coding of the second part of the fourth math problem is similar to that of the second part 
of the third problem. I analyzed the participants’ responses in terms of global characteristics, 
which are knowledge focus and pedagogical action, and local characteristics, which are forms of 
address, use of student error, and communicative barrier. Tables 3.13 and 3.14 (see Appendix B) 
respectively present my coding examples on the global characteristics and the local 
characteristics.  
      The first response in Table 3.13 elaborated on using a graphing calculator to find the 
algebraic expression of the graph. Maybe this action involves conceptual knowledge of 
translating among different representations of functions. However, the response did not show 
that kind of flavor. I therefore coded it as procedural (P). Although the second response also 
focused on procedural knowledge, two pedagogical actions were involved. The participant first 
taught Amy she should find three equations to solve for the three coefficients and then provided 
explicit procedures of how to use the standard form of quadratic functions in order to obtain the 
three coefficients. The participant who gave the third response planned to discuss when to use 
the standard form, the factored form, and the vertex form of quadratic functions. Since choosing 
the most proper form of quadratic functions is students’ deep procedural knowledge (Star, 2005), 
I coded the knowledge focus as procedural. Different from the first three responses, the fourth 
response highlighted conceptual knowledge. The participant used many questions to guide Amy 
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in finding the correct answer. In addition to these questions, the conceptual knowledge 
underlying all these questions was also discussed. Moreover, the participant explained to Amy 
the relationship between functions and the corresponding graphs of the functions and the method 
of undetermined coefficients.  
      The same four responses were analyzed in Table 3.14 in terms of three aspects: Forms of 
address, use of student error, and communicative barrier. More than one code was assigned with 
respect to each aspect if the participant took on two actions simultaneously. Since the meanings 
of the codes remain the same as those in Table 3.11, I explain my coding process of the last 
response here. Several questions were employed to guide Amy to develop the correct answer, so 
the form of address obviously is “give and ask.” Although I mentioned there was no student 
mistake, in the math scenario Amy did generate an equation. In the fourth response we can see 
the participant helped Amy to finish the problem from where she had stopped. Also, the 
participant addressed other more important knowledge. Therefore, the use of student error was 
coded as “intermediate.” With respect to communicative barrier, I assigned three codes: Plato, 
basic and specific. From the beginning to the end of the last response, the participant employed 
questions to guide Amy to get all the knowledge she was expected to know. Because the 
participant believed she held all this knowledge and merely needed to recall that knowledge. 
Consequently, I coded the response as “Plato.” Additionally, the participant addressed basic 
principles, such as the relationship between functions and the corresponding graphs of the 
functions and the method of undetermined coefficients. The specific procedures to obtain the 
answer by using the standard form of quadratic functions were presented. Therefore, “basic” and 
“specific” were assigned. 
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Exploring the Relationship between Knowledge and Beliefs 
      After coding the participants’ responses, I grouped the participants with respect to their 
beliefs about students’ learning abilities. If the average score of a participant’s responses to the 
five Likert scale items was above 3, then the participant was considered to hold beliefs that 
reflect more of an incremental theory. Correspondingly, the participants whose beliefs reflected 
an entity theory had an average less than 3 in terms of their responses to the Likert scale items. 
Therefore, there were two groups of teachers, one group of teachers categorized as aligning more 
with entity theory and another group of teachers aligned more with incremental theory based 
ideas. Within each group of teachers I summarized their content knowledge in terms of the 
correct problem-solving rate and the justifications of solutions. Knowledge about students’ errors 
was summarized in terms of the teachers’ knowledge to identify students’ errors and the 
teachers’ knowledge to respond to students’ errors. Given that the participants were not equally 
distributed into two groups, I compared the two groups of teachers with respect to the percentage 
rather than the number of the teachers. 
Additional Thoughts about Methodology 
 
Validity and Reliability 
      It is important to ensure that collected data and data analysis methods generate valid and 
reliable conclusions that answer all the research questions. To make sure this study investigated 
what it was expected to, a literature review first provided background knowledge that guided me 
to develop the questionnaire, which serves as the data collection instrument for this study. Later 
on, math educators and experienced researchers were consulted to assure that the questionnaire is 
able to collect enough data to answer the research questions. 
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      Given that constant comparative analysis and coding according to existing frameworks are 
the main data analysis methods, the researcher works as the coder may bring bias to the results. 
To achieve reliable conclusions, I constructed inter-rater reliability that an outsider, a doctoral 
student outside of math education, and an insider, another doctoral student in math education, 
were invited to code participants’ sample responses and we reached a satisfying agreement rate 
(between 75% and 90%).  
Limitations 
      This study is designed to compare Chinese and U.S. teachers’ knowledge and beliefs, but 
only twenty teachers were recruited to represent each country. Obviously, the small number of 
participants limits the application and generalization of the research results. Also these teachers 
representing each country come from a certain area of the country, thus it is hard to make general 
conclusions about teachers from the two countries. 
Delimitations 
      It is not practical to include all Algebra I teachers in China and the United States in the 
current study. In order to make the research results are generalizable to a large population, this 
study recruits participants from different schools, including five U.S. high schools and two 
Chinese high schools. Additionally, thick descriptions of the school districts and the participants’ 
characteristics allow others to determine if their context and teachers share enough common 
qualities to allow transference (Creswell, 2007). Moreover, the national curricula implemented in 
China and the U.S. delimit the factors that affect transference of the research results with respect 





      The methods used in a study are determined by research questions. In this study, I draw on 
qualitative methods to examine questions that probe teachers' knowledge related to quadratic 
equations and functions and their beliefs about students' mathematics abilities. I employed 
grounded theory method (Strauss & Corbin, 1991) approach to analyze the data. In this way, I 
hope to gain an understanding of Algebra I teachers’ algebraic thinking and their beliefs about 




















Chapter 4: Results 
Results 
      In this chapter I report findings related to a) teachers’ beliefs about students’ mathematical 
abilities, b) teachers’ content knowledge of using quadratic functions to solve real-world 
problems, translating among four representations of quadratic functions, solving quadratic 
equations, and c) teachers’ pedagogical content knowledge about interpreting and responding to 
students’ errors. The Chinese participants’ responses are compared with those of the U.S. 
participants. The comparisons signify what teachers from these countries can potentially learn 
from each other with the goal of optimizing students’ mathematical learning. Additionally, 
throughout the comparisons, the relationships among teachers’ beliefs about students’ 
mathematical abilities, teachers’ content knowledge, and teachers’ knowledge of students’ errors 
are presented. 
Teachers’ Beliefs about Students’ Mathematical Ability 
      As discussed in chapter 3 teachers’ beliefs about students’ mathematical learning ability was 
examined firstly in the study by ten Likert scale items, which were designed to explore teachers’ 
beliefs along five aspects: intelligence, learning focus, confidence to seek challenges, attitudes to 
make mistakes, and teachers’ expectations on students’ learning.  Among the twenty Chinese 
teachers, one did not respond to Likert scale items 4 and 9. Meanwhile, a U.S. teacher did not 
answer Likert scale terms 3, 4 and 6. These five missing responses were substituted by the means 
of the corresponding Likert scale items. Tables 4.1 and 4.2 respectively show the results from the 
Chinese teachers and the U.S. teachers. As aforementioned, the higher the participants scored on 
these items the more likely they perceived intelligence in math from an incremental perspective 
(Dweck, 1986). 
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Chinese Teachers’ Beliefs about Students’ Mathematical Learning Ability 
      In terms of the belief about seeking out challenging mathematics problems, twelve of the 
twenty Chinese teachers scored higher than three points, which represents a neutral perspective.  
This result informs us that 60% of the Chinese teachers believed that no matter students’ 
mathematical ability, students can develop the behavior of seeking out challenging math tasks 
through hard work. With respect to teachers’ beliefs about students’ mathematical intelligence, 
nine of the twenty Chinese teachers scored above three points, which means 45% of the Chinese 
teachers believed mathematical ability is not a talent with which someone is born. Thus, 
everyone can be mathematically smart by working hard. Eight of the twenty Chinese teachers, 
which is 40%, believed making mistakes can lead to a deeper understanding of mathematics. 
Concerning students’ learning focus, only three teachers perceived that students’ mathematical 
learning goal is to improve mathematical competency. In addition, with the exception of one 
Chinese teacher, all the other teachers explained that they set up different expectations for 
students with high mathematical ability and those with low mathematical ability. In sum, with 
the exception of the belief about seeking challenging mathematics problems, most of the Chinese 
teachers’ views aligned with those from entity theory in terms of intelligence, learning focus, 
attitudes to make mistakes, and teachers’ expectations for students’ learning.   
      The Chinese teachers’ average scores for the two aspects of learning focus and teachers’ 
expectations are below three points while their average scores for the other three aspects are 
slightly above three points. As for each participant’s average score over these five aspects of 
teachers’ beliefs about students’ mathematical learning ability, six of the twenty teachers scored 
slightly above three points. These average scores additionally support the conclusion that the 
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Chinese teachers conveyed an entity theory oriented belief with respect to students’ 
mathematical learning ability. 
 















01 2.5 3.0 4.5 3.0 2.0 3.0 
02 4.0 2.5 3.0 4.0 1.5 3.0 
03 2.5 2.0 3.5 4.0 2.0 2.8 
04 3.5 2.5 2.5 4.0 1.5 2.8 
05 2.5 3.0 5.0 3.0 1.5 3.0 
06 3.5 3.0 3.5 3.0 2.0 3.0 
07 4.0 2.0 3.0 1.5 1.5 2.5 
08 5.0 3.0 4.0 2.5 2.0 3.3 
09 4.5 2.5 4.0 3.0 1.5 3.1 
10 3.0 2.5 2.5 4.0 2.0 2.8 
11 2.5 2.5 4.0 2.5 4.0 3.1 
12 2.5 3.0 4.0 4.0 1.5 3.0 
13 3.0 3.0 3.0 3.0 2.0 2.8 
14 4.0 4.0 3.0 2.5 1.0 2.9 
15 2.0 1.5 1.5 3.0 1.0 1.8 
16 3.5 2.5 4.0 4.5 3.0 3.5 
17 2.0 3.5 4.0 4.0 3.0 3.3 
18 2.0 1.5 1.5 3.0 1.0 1.8 
19 3.5 3.32 4.0 3.0 2.84 3.33 
20 1.5 3.0 4.0 4.0 1.5 2.8 
Average 3.08 2.69 3.43 3.28 1.92 2.88 
 
 
U.S. Teachers’ Beliefs about Students’ Mathematical Learning Ability 
      Table 4.2 below presents the U.S. teachers’ beliefs about students’ mathematical learning 
ability. With the exception of one teacher, all the other nineteen teachers scored above three in 
terms of the belief about students’ mathematical intelligence. That is, almost all the U.S. teachers 
perceived that students can achieve high mathematical ability through hard work. Similarly, 
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nineteen out of the twenty U.S. teachers believed making mistakes can lead to deep 
understanding of mathematics. With respect to seeking challenging math tasks, twelve of the 
twenty U.S. teachers insisted that no matter 
mathematical ability, students can achieve the behavior pattern of being successfully in solving 
challenging math tasks through hard work. While most of the U.S. teachers reflected their beliefs 
aligned with incremental theory in terms of the three aspects of intelligence, attitudes about 
making mistakes and confidence in seeking challenges, the opposite was true when it came to 
teachers’ beliefs about learning focus and teachers’ expectations. Particularly, half of the U.S. 
teachers conveyed that a student’s learning focus is to gain positive judgments and to avoid 
negative judgments. Thirteen of the twenty U.S. teachers persisted that teachers should set up 
different expectations for students with different mathematical abilities.  
      The U.S. teachers’ average scores for all five aspects of teachers’ beliefs about students’ 
mathematical learning ability were above three points. Specifically, while teachers’ beliefs on 
learning focus, confidence to seek challenges, and teachers’ expectations were slightly above 
three points; the teachers’ average scores on intelligence and attitude about making mistakes 
were 4.1 and 4.43. As for each participant’s average score over these five aspects of teachers’ 
beliefs about students’ mathematical learning ability, nineteen of the twenty U.S. teachers scored 
above 3 three points while only one teacher scored 3, which is a neutral standpoint. The average 
scores furthermore revealed that the U.S. teachers held an entity theory oriented belief with 
respect to students’ mathematical learning ability. 
Differences and Similarities about Teachers’ Beliefs  
            Comparing the Chinese and the U.S. participants’ beliefs along the five aspects listed in 
Table 4.3, I found that the Chinese teachers’ beliefs are different from those of the U.S. teachers. 
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95% of the U.S. teachers believed students can become mathematically smart through hard work 
while 45% of the Chinese teachers held this belief. Similarly, 95% of the U.S. teachers held 
positive views about making mistakes while 40% of the Chinese teachers did so. Aligned with 
this finding about teachers’ attitudes towards making mistakes, 85% of the Chinese teachers 
believed that a student’s focus when learning mathematics is to gain positive judgments and to 
avoid negative judgments from authorities in educational settings while the other 15% of the 



















01 4.5 3.0 3.5 3.5 3.0 3.5 
02 3.5 3.0 3.0 4.0 3.0 3.3 
03 4.5 2.0 4.0 5.0 3.0 3.7 
04 5.0 3.0 3.5 5.0 3.5 4.0 
05 4.0 4.0 4.0 4.0 4.0 4.0 
06 4.0 3.0 4.0 4.0 2.0 3.4 
07 4.0 3.21 3.11 5.0 3.5 3.76 
08 3.0 3.5 3.0 4.0 3.0 3.3 
09 3.5 3.5 5.0 5.0 4.0 4.2 
10 4.5 4.5 3.0 5.0 3.0 4.0 
11 4.5 3.0 3.0 5.0 3.0 3.7 
12 4.5 3.5 4.0 5.0 2.0 3.8 
13 4.0 2.0 3.5 3.5 2.0 3.0 
14 4.0 3.0 3.0 5.0 4.0 3.8 
15 4.0 3.5 3.5 4.5 4.0 3.9 
16 4.0 4.0 3.0 4.0 2.0 3.4 
17 4.0 4.0 3.0 4.5 2.0 3.5 
18 5.0 3.0 3.5 5.0 3.0 3.9 
19 3.5 3.5 3.5 3.0 3.0 3.3 
20 4.0 2.0 3.0 4.5 3.5 3.4 
Average 4.10 3.21 3.46 4.43 3.03 3.64 
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      However, half of the U.S. teachers believed the mathematics learning focus for students is to 
gain positive judgments and to avoid negative judgments while the other half indicated that a 
student’s mathematical learning goal should be to improve mathematical competency. With 
respect to teachers’ expectations, 5% of the Chinese teachers and 35% of the U.S teachers 
reported that they have similar expectations for students with different mathematical abilities. 
While differences existed between the Chinese and the U.S. teachers in the aforementioned four 
aspects of teachers’ beliefs about students’ mathematical learning ability, the same percentage of 
the Chinese teachers as the U.S. teachers (60%) perceived that hard work can make students feel 
confident in tackling challenging problems regardless of their mathematical abilities. 
 
 
Table 4.3 A comparison of Chinese and U.S. teachers’ beliefs about incremental theory 
Aspects Chinese teachers (n=20) U.S. teachers (n=20) 
Intelligence 9(45%) 19 (95%) 
Learning focus 3(15%) 10 (50%) 
Confidence to seek challenges 12(60%) 12 (60%) 
Attitude about making mistakes 
 
8(40%) 19 (95%) 
Teachers’ expectations 1(5%) 7 (35%) 
 
 
      Although Table 4.3 conveys that the two groups of teachers are different in four aspects of 
their beliefs, the chi-square tests of independence showed that the two groups of teachers are 
significantly different only in three aspects of their beliefs: Intelligence, attitudes toward 
mistakes and teachers’ expectations (p<.05).  
      In sum, it seems that the Chinese teachers’ responses reflected beliefs that align more with 
entity theory while the U.S. teachers’ responses aligned more with incremental theory. Most of 
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the Chinese teachers’ responses about students’ mathematical intelligence, learning focus, 
attitudes towards making mistakes, and teachers’ expectations reflected an entity theory 
perspective. Contrarily, most of the U.S. teachers’ responses about students’ mathematical 
intelligence, attitudes towards making mistakes, and confidence to seek challenges reflected 
more of an incremental theory perspective.  
      More of the Chinese teachers than the U.S. teachers believed that mathematical ability is a 
talent that someone is born with and cannot be gained through hard work. More of the U.S. 
teachers than the Chinese teachers indicated that a student’s goal when learning mathematics is 
to improve mathematical competency. In addition, fewer of the U.S. teachers compared to the 
Chinese teachers conveyed that students should avoid making mistakes when doing mathematics. 
       As for teachers’ expectations, most of the Chinese and U.S. participants noted that they 
should set up different expectations for students with different mathematical abilities. 
Furthermore, the same number of the Chinese and the U.S. teachers held that it is hard work that 
makes students feel confident in tackling challenging problems regardless of their mathematical 
abilities. 
Teachers’ Opinions about Students’ Mathematical Learning Ability 
      Fourteen of the twenty Chinese teachers provided other opinions about students’ 
mathematical learning ability while sixteen of the twenty U.S. teachers did so. The teachers 
addressed their thoughts about students’ learning ability in terms of their beliefs about the nature 
of students’ mathematical learning ability, what mathematical abilities that students should 




Teachers’ Beliefs about the Nature of Students’ Mathematical Learning Ability 
      Chinese Teachers. Within the group of Chinese teachers who addressed additional opinions 
about students’ mathematical learning ability, three Chinese teachers elaborated their beliefs 
from the entity theory perspective, while four Chinese teachers stated their beliefs from the 
incremental theory perspective. Among the three teachers whose responses clearly reflected an 
entity theory of ability, one teacher’s response indicated that mathematical ability is the ability 
with which someone is born and the learning process is used to exploit that ability but not to 
improve it while the second teacher commented that students’ intelligence differences contribute 
to students’ different mathematical understanding levels, such as the memorization level, the 
explanation level, and the level of transformative application and critical reasoning. The third 
teacher held that students start to show ability differences in high school, even though from this 
teacher’s perspective, all students can understand abstract high school math concepts after 
spending adequate time, but it is not possible for all students to solve problems that involve the 
application of those math concepts. Although these three teachers all conceded that there are 
differences in students’ mathematical learning ability, two of them suggested ways to impact 
students’ mathematical competence while the remaining third teacher planned to set different 
expectations to address the diversity in students’ learning abilities. 
      Concerning the four teachers whose comments aligned more with the incremental theory of 
ability, two of them held that people with different IQ measures can improve their mathematics 
ability greatly through hard work. One teacher defined mathematical ability as the skill to learn 
mathematics, which comes from the accumulation of everyday learning. While these three 
teachers I have described focused on everyday learning and hard work, the fourth teacher raised 
a concern that even though students can achieve high mathematics ability through hard work, 
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teachers may overlook students’ progress since they may perceive some long-lasting belief about 
certain students’ learning ability. 
      U.S. Teachers. In terms of teachers’ beliefs about the nature of students’ mathematical 
learning ability, two U.S. teachers’ opinions aligned with the entity theory of ability while five 
teachers leaned more toward the incremental theory of ability. The two teachers who held the 
entity theory of ability did not directly express the idea that people are born with different 
mathematical learning ability, but they did share the idea that all students can achieve a high 
standard of mathematical ability, but not all students will attain similar high levels of 
achievement equally. For example, one teacher stated that: “I believe that students can achieve a 
high standard of mathematical ability. Though some will not reach as high a level as others.” For 
this reason, as another teacher noted, “students with lower aptitude and interest should not be 
forced by the government to complete 4 years of math in high school”, as is the current state 
requirement.  
      Among the five teachers who reflected the incremental theory of ability, three of them 
insisted that all students can achieve a high level of mathematical ability through hard work 
while the remaining two teachers claimed that with proper material and environmental support 
all students can be competent in a variety of mathematical skills. 
      To conclude, there is no significant difference between the Chinese and the U.S. teachers in 
terms of the number of teachers who presented opinions about their belief concerning the nature 
of students’ mathematical learning ability. However, although both the Chinese and the U.S. 
teachers who reflected an entity theory agreed that students achieve with different levels of 
mathematical ability, one U.S. teacher conveyed that students with low aptitude in mathematics 
should not be forced to learn math for four years in high school. In China, all high school 
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students must learn mathematics through their high school years. Given that this tradition is 
embedded in Chinese society, no Chinese teacher questioned whether students should learn that 
much mathematics. While both the Chinese and the U.S. teachers who held the incremental 
belief identified that hard work contributes to mathematical success, the U.S. teachers also 
recognized the importance of material and environmental supports for students. Although issues 
of inequity in resource distribution exist in both the China and the U.S., none of the Chinese 
teachers commented explicitly about this.  
Mathematical Abilities that Students Should Attain 
      Besides those teachers who did not give other opinions about students’ mathematical learning 
ability, some teachers who elaborated their beliefs on entity or incremental theory also did not 
provide any view other than that about the nature of students’ mathematical learning ability. 
Thus, ten Chinese teachers and fifteen U.S. teachers talked about mathematical abilities that 
students should attain and factors that influence students’ mathematics learning. Since the 
teachers’ responses mostly addressed more than one idea, the percentage of each subcategory is 
calculated out of 100. 
 
Table 4.4 Mathematical abilities that students should attain 
Category Subcategories Chinese (n=10) U.S. (n=15) 
Mathematical 
abilities that students 
should attain 
1. Self-learning ability 30% 0% 
2. Creative and practical ability 20% 0% 
3. Ability to analyze and solve 
problems 
30% 0% 
4. Divergent thinking ability 20% 0% 
5. Mathematics language ability 10% 6.7% 
6. Ability to build mathematical models 10% 0% 
7. Ability to understand 10% 0% 
8. Good thinking habits/skills 30% 6.7% 
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      Referring to Table 4.4, I found that more Chinese teachers than U.S. teachers mentioned 
mathematical abilities that students should attain. Also the Chinese teachers mentioned a variety 
of mathematical abilities that teachers should help their students to obtain. Compared to the U.S. 
teachers, the Chinese teachers commented more about what mathematical abilities they should 
create opportunities for their students to develop. 
Factors that Influence Students’ Mathematics Learning 
      Table 4.5 summarizes factors that influence students’ mathematics learning. The identified 
factors can be categorized as student-based factors, teacher-based factors, and environment-
based factors. Both the Chinese and the U.S. teachers highlighted student-based factors. 
Different from the Chinese teachers, the U.S. teachers also noted the importance of teacher-based 
factors and environment-based factors. 
      With respect to student-based factors, the Chinese teachers suggested that learning methods, 
will power, learning interest, learning purpose and learning of other subjects affect students’ 
learning, the U.S. teachers identified that learning purpose, hard work, fear of failure, and will 
power determine students’ learning of mathematics. Both the Chinese and the U.S. teachers 
noticed that learning interest, learning purpose, and will power influence students’ mathematics 
learning. Besides the factors that have been identified by both Chinese and U.S. teachers, the 
Chinese teachers highlighted students’ learning methods and the learning of other subjects while 
the U.S. teachers emphasized students’ hard work and mathematics anxiety.  
      In terms of teacher-based factors, the U.S. teachers recognized teachers’ teaching strategies, 
such as differentiated teaching and collaborative learning. Also, they highlighted teachers’ 
teaching content, in particular, teachers should teach “WHY.” Furthermore, the U.S. teachers 
also noticed the student and teacher relationship; specifically, teachers and students should 
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respect each other. Similar to the U.S. teachers, the Chinese teachers recognized the necessity of 
differentiated teaching. However, one Chinese teacher also highlighted a teacher’s innate quality, 
which is such an abstract idea that the Chinese teacher did not define it. 
 
Table 4.5 Factors that influence students’ mathematics learning 
























1. Learning methods and habits 70% 0% 
2. Will power 20% 13.3% 
3. Learning purpose 10% 26.6% 
4. Learning interest and 
confidence 
20% 20% 
5. Hard work and effort 0% 20% 
6. Fear of failure 0% 20% 
7. Learning of other subjects 
 
10% 0% 
Teacher-based 1. Teachers’ innate quality 10% 0% 
2. Differentiated teaching 10% 6.7% 
3. Collaborative learning 0% 6.7% 
4. Teach “WHY” 0% 20% 





1. Family environment 10% 6.7% 
2. Parents’ expectation 0% 13.3% 
3. School environment 10% 6.7% 
4. Society acceptance  0% 13.3% 
5. Cultural acceptance 0% 6.7% 
6. Material support 0% 6.7% 
7. Environmental support 0% 6.7% 
 
 
     As for the environmental influences on students’ mathematics learning, the U.S. teachers 
identified seven kinds of factors while the Chinese teachers only pointed out school and family 
environmental influences. It is true that students spend their time mostly at school and at home. 
However, beside the influence from school and family, the overall influence from society and 
88 
culture clearly influence students’ mathematics learning. With respect to the environmental 
influences, the U.S. teachers shared more thoughts than the Chinese teachers did. 
Research Question 1. What are the similarities and differences between Chinese and U.S. 
mathematics teachers’ beliefs about students’ mathematical learning ability? 
 
      Based on the findings above, I summarize below the similarities and differences between 
Chinese and U.S. teachers’ beliefs about students’ mathematical learning ability. 
The Similarities between Chinese Teachers and U.S. Teachers:  
• In terms of the five aspects of teachers’ entity and incremental beliefs, the Chinese 
and U.S. teachers showed similar opinions on students’ confidence in solving 
challenging problems. The same number of the Chinese and the U.S. teachers held 
that it is hard work that makes students feel confident to do challenging problems 
regardless of their mathematical abilities. 
• While freely providing additional thoughts about students’ mathematical learning 
abilities, both the Chinese and the U.S. teachers addressed the nature of students’ 
mathematical learning ability, what mathematical abilities students should attain, and 
factors that influence students’ mathematical learning.  The same number of Chinese 
and U.S. teachers presented opinions about their beliefs concerning the nature of 
students’ mathematical learning ability. Both the Chinese and the U.S. teachers who 
aligned more with entity theory agreed that students achieve different levels of 
mathematical ability. In addition, both the Chinese and the U.S. teachers who held 
incremental beliefs indicated that hard work contributes to mathematical success, 
from their perspective. 
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The Differences between Chinese Teachers and U.S. Teachers:  
• In terms of the five aspects addressing teachers’ entity-related beliefs and incremental-
related beliefs, the Chinese teachers and the U.S. teachers were significantly different in 
their beliefs about students’ mathematical intelligence, their attitudes toward making 
mistakes, and their beliefs about teachers’ expectations toward students with different 
mathematical abilities. More Chinese teachers than U.S. teachers believed that 
mathematical ability is a talent that someone is born with and cannot be gained by hard 
work. More U.S. teachers than Chinese teachers held that students should avoid making 
mistakes when doing mathematics. In addition, fewer U.S. teachers than Chinese 
teachers held that teachers should set up different expectations for students with different 
mathematical abilities. 
• More Chinese teachers than U.S. teachers mentioned mathematical abilities that students 
should attain. Also the Chinese teachers mentioned a variety of mathematical abilities 
that teachers should help their students to obtain. Compared to the U.S. teachers, the 
Chinese teachers knew more about particular mathematical abilities that they should 
create opportunities for their students to develop. 
• Differences existed when comparing the Chinese and U.S. teachers’ opinions about 
factors that influence students’ mathematics learning. While both the Chinese and the 
U.S. teachers highlighted student-based factors, the U.S. teachers commented more on 
teacher-based factors and environment-based factors than the Chinese teachers did. In 
terms of teacher-based factors two Chinese teachers noted teachers’ innate quality and 
differentiated teaching. Different from the Chinese teachers, the U.S. teachers elaborated 
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on teachers’ teaching strategies, teaching content, and student-teacher relationships. As 
for the environmental influence on students’ mathematics learning, the Chinese teachers 
only pointed out school and family environmental influences but the U.S. teachers 
identified seven kinds of factors in this category. In addition to school and family 
influences, the U.S. teachers also recognized society and cultural influences. 
Teachers’ Content Knowledge on Quadratic Functions and Equations 
Teachers’ Knowledge of Using Quadratic Functions to Solve Real-World Problems  
      Teachers’ knowledge of using quadratic functions to solve real-world problems was tested in 
part (a) of the first mathematics problem, where teachers needed to use quadratic functions to 




Table 4.6 Solution methods used in modeling the real-world situation 
 Category Chinese (n=20) U.S. (n=20) Total (n=40) 
Incorrect Incomplete 0 2(10%) 2(5%) 
 Wrong 0 4(20%) 4(10%) 
Correct Standard form 10(50%) 0 10(25%) 
Vertex form 10(50%) 12(60%) 22(55%) 
Factored form 1(5%) 1(5%) 2(5%) 
Quadratic regression 0 1(5%) 1(2.5%) 
 Unclear 0 1(5%) 1(2.5%) 
 
 
      As elaborated in chapter 3, I gave more than one code if a participant used more than one 
method to solve the given problems. The coding process and examples of each method listed in 
Table 4.6 is illustrated in Table 3.2 of Chapter Three. All the Chinese teachers solved the 
problem correctly while two of the twenty U.S. teachers provided incomplete answers by not 
elaborating on what information they would use to solve the problem. Additionally twenty 
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percent of the U.S. teachers answered the problem incorrectly or showed an incorrect answer. As 
elaborated in Table 3.2, it seemed that these teachers employed their physics knowledge to solve 
the problem did not fully use all the given information and assumed the fireworks were launched 
on the earth. One Chinese and one U.S. teacher employed both the factored form and the vertex 
form of quadratic functions to solve the problem. Except for these two teachers, all the other 
teachers only described one method that they used to solve the problem. Examining Table 4.6, it 
is clear that the Chinese teachers were equally divided into two groups, the group of teachers 
who used the standard form of quadratic functions and the group of teachers who employed the 
vertex form of quadratic functions. Sixty percent of the U.S. teachers used the vertex form of 
quadratic functions to solve the problem. In addition, one U.S. teacher used a graphing calculator 
to run a quadratic regression, and one U.S. teacher did not clearly show how he/she arrived at the 
correct answer. 
      In short, more of the Chinese teachers gave the correct solution, as compared to the U.S. 
teachers. While the vertex form was the most popular method used by the U.S. teachers, the 
Chinese teachers highlighted equally the standard form and the vertex form. 
 
 
Table 4.7 Three forms of clear explanation about solution methods  
Category Chinese (n=20) U.S. (n=14) Total (n=34) 
Procedural 10(50%) 1(7.1%) 11(32.4%) 
Deep procedural 7(35%) 10(71.4%) 17(50%) 
Conceptual 3(15%) 3(21.4%) 6(17.6%) 
    
 
 
      Table 4.7 presents the kinds of explanations the participants shared for their solution 
methods. Here I only report explanations and justifications of solution methods from the teachers 
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who correctly solved the problem. Given that all the Chinese teachers and fourteen U.S. teachers 
correctly answered the problem; the results are based on responses from these thirty-four 
teachers. Half of the Chinese teachers used procedural methods to solve the problem. Thirty-five 
percent of the Chinese teachers provided evidence of their deep procedural knowledge of the 
problem. Fifteen percent of the Chinese teachers demonstrated their conceptual understanding of 
using quadratic functions to solve real world problems. Concerning the U.S. teachers, around 
seventy percent showed their deep procedural knowledge while seven percent of the U.S. 
teachers explained their solutions in a purely procedural way. Approximately twenty percent of 
the U.S. teachers demonstrated their conceptual knowledge in solving the problem. 
            Comparing the Chinese teachers to their U.S. counterparts, it was obvious that the 
Chinese teachers tended to follow over-practiced procedures, the standard form. The U.S. 
teachers outperformed the Chinese teachers in selecting the most appropriate form of quadratic 
functions to solve the problem. In other words, the U.S. teachers showed a deeper procedural 
understanding of selecting the appropriate quadratic functions to solve the real world situation 
posed in the problem. In addition, the same number of Chinese and U.S. teachers’ responses 
reflected a conceptual understanding of the problem. That is, the teachers not only used an 
appropriate form of quadratic function to solve the problem, but also connected their knowledge 
of quadratic functions to the mathematical model of the real world situation. For example, in the 
fourth response in Table 3.2, the teacher elaborated on the reason why he/she selected the vertex 
form of quadratic functions. He/she noted that there is only one unknown coefficient. Also 
he/she successfully translated all the given information from the real-world situation into the 
quadratic model in a way that he/she drew a graph to represent the path of the firework. On the 
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graph, she labeled the axis of symmetry as well as the coordinates of the start point, the vertex, 
and the end point. 
Teachers’ Knowledge of Solving Quadratic Equations 
      After obtaining the quadratic function describing the path of the fireworks, the teachers were 
asked to find the time when the fireworks reached a 50ft elevation. All the Chinese and the U.S. 
teachers successfully wrote out the equation to solve for the time. Therefore, all the teachers 
showed evidence of understanding how to use the identified mathematical model to solve real 
world problems. Although in the previous question some teachers failed to obtain the correct 
quadratic model of the real world problem, I focused on how teachers solved quadratic equations 
rather than which quadratic equation the teachers solved. This is because my intention in 
designing this problem was to examine the teachers’ content knowledge of solving quadratic 
equations. 
 
Table 4.8 Teachers’ Answers got in solving the quadratic equation 
 Category Chinese (n=20) U.S. (n=20) Total (n=40) 
Wrong answer 0(0%) 1(5%) 1(2.5%) 
No answer 1(5%) 6(30%) 7(17.5%) 
One solution 5(25%) 1(5%) 6(15%) 
Two correct solutions 14(70%) 12(60%) 26(65%) 
 
 
      Seventy percent of the Chinese teachers obtained two correct solutions of the quadratic 
equation, while twenty-five percent of the Chinese teachers only solved for one correct solution 
(see Table 4.8). One Chinese teacher did not actually solve the equation but said that to solve the 
equation one should obtain the time when the firework was at 50ft. Thus no answer was included 
in this teacher’s response. 
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      Sixty percent of the U.S. teachers correctly solved the equation while thirty percent of the 
U.S. teachers resulted in no solution. Two out of the six teachers who did not get the final 
solution did so because of the incorrect quadratic function obtained from the previous question. 
The four remaining teachers who did not arrive at a correct solution did not solve the equation. 
One U.S. teacher obtained one solution, and one U.S. teacher solved the equation incorrectly 
through what appeared to be a careless calculational mistake. 
      Most of the Chinese and the U.S. teachers arrived at two correct solutions for the equation. 
More Chinese teachers than U.S. teachers obtained one solution while more U.S. teachers than 
Chinese teachers did not solve the equation. While there was not a large difference between the 
number of Chinese teachers and U.S. teachers who correctly solved the quadratic equation, it 
seems that more U.S. teachers than Chinese teachers skipped steps in solving the quadratic 
equation. 
 
Table 4.9 Solution methods used in solving the quadratic equation 
 Category Chinese (n=20) U.S. (n=19) Total (n=39) 
Unclear 9(45%) 3(15.8%) 12(30.8%) 
Calculator 0(0%) 2(10.5%) 2(5.1%) 
Quadratic formula 7(35%) 10(52.6%) 17(43.6%) 
Complete the square 4(20%) 5(26.3%) 9(23.1%) 
 
 
      Exploring what methods the teachers employed to solve the quadratic equation (see Table 
4.9), I found that all the Chinese teachers’ responses reflected one method to solve the equation. 
Forty-five percent of the Chinese teachers did not show how they solved the equation. Twenty 
percent of the Chinese teachers applied the method of completing the square while thirty-five 
percent of the Chinese teachers used the quadratic formula to solve the equation. 
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      One U.S. teacher did not attempt this problem because of the incorrect quadratic function 
obtained from the previous question. Although other U.S. teachers were in a similar situation and 
did not obtain the correct quadratic function, these teachers were still able to correctly solve the 
quadratic equation they obtained from the previous question. Additionally, some U.S. teachers 
who noticed the incorrect function they had obtained did not solve the equation but elaborated on 
how they would solve the quadratic equation if they had obtained the correct quadratic function. 
The report of the U.S. teachers’ equation solving methods is based on the nineteen teachers’ 
responses. One of the nineteen teachers used two methods to solve the equation. Thus, in 
reporting the results, the total percentage of each country was calculated out of 100. 
Approximately twenty-six percent of the U.S. teachers completed the square to solve the 
equation. Twice as many teachers who completed the square used the quadratic formula. Two 
U.S. teachers used the calculator to solve the equation while three U.S. teachers did not clearly 
explain what method they employed. 
      More U.S. teachers seemed to provide clear explanations on how they solved the equation 
compared to the teachers from China. Both the Chinese and the U.S. teachers used the quadratic 
formula more frequently than completing the square. Different from the Chinese teachers, some 
of the U.S. teachers also employed graphing calculators. Referring to the literature review, Didis 
et al. (2011) claimed that students prefer factorization over the quadratic formula and completing 
the square because the factorization method is much faster than the other two methods. Given 
that it is impossible to solve the equation designed in this study by factorization, I found that the 
second choice among the three quadratic equation solving methods was the quadratic formula.  
      Referring to the Table 4.10, it is clear that both the Chinese and the U.S. teachers used the 
procedures they had used in teaching their students in mathematics class. More Chinese teachers 
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than the U.S. teachers anticipated that there were two solutions for the equation. Some of the 
Chinese teachers, unlike the U.S. teachers, explained that there were two solutions because the 
parabola is symmetrical in shape. 
 
Table 4.10 Two forms of clear explanation about solution methods  
Category Chinese (n=20) U.S. (n=19) Total (n=39) 
Procedural 16(80%) 18(94.7%) 34(87.2%) 
Strategic fluency 4(20%) 1(5.3%) 5(12.8%) 
 
 
Teachers’ Knowledge of Translating among Four Representations of Quadratic Functions 
 
Translate from Graphic Representation to Algebraic Expression  
      As elaborated in the chapter 3, I gave more than one code if a participant used more than one 
method to solve a problem. The coding process and examples of each method listed in Table 
4.11 can be found in Table 3.4. 
 
Table 4.11 Solution methods used in translating from graphic to algebraic representation 
 Category Chinese (n=20) U.S. (n=20) Total (n=40) 
Correct Unclear 0 4(20%) 4(10%) 
Standard form 9(45%) 0 9(22.5%) 
Quadratic regression 0 1(5%) 1(2.5%) 
Vertex form 10(50%) 11(55%) 21(52.5%) 
Factored form 0 1(5%) 1(2.5%) 
Function transformation 2(10%) 0 2(5%) 
Parent function 0 3(15%) 3(7.5%) 
 
 
      The Chinese and U.S. teachers used various methods to translate from the graphic 
representation to the algebraic representation of the function (see Table 4.11). All the Chinese 
teachers correctly translated from the graphic representation to the algebraic representation of the 
function while only one of the twenty teachers used two different methods, which are the 
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standard form and vertex form. The Chinese teachers employed three methods in total. The 
standard form and the vertex form of quadratic functions were the two most popular methods 
used by the Chinese teachers given that half of them used the vertex form of quadratic functions 
and that forty-five percent of the Chinese teachers employed the standard form. Besides these 
two methods, ten percent of the Chinese teachers employed function transformation to arrive at 
the algebraic expression of the function. 
      Similarly, all the U.S. teachers solved this problem correctly. However, twenty percent of the 
U.S. teachers gave only the correct answer without a clear explanation of their methods. No U.S. 
teacher used more than one method to translate from the graphic to the algebraic representation 
of the function. The vertex form of quadratic functions and parent function methods were 
commonly employed among the U.S. teachers. In particular, forty percent and twenty-five 
percent of the U.S. teachers used these two methods respectively. Additionally, one U.S. teacher 
employed the quadratic regression method by using a graphing calculator and one U.S. teacher 
used the factored form of quadratic functions. 
      Looking at the two groups, I found that most of the Chinese and the U.S. teachers employed 
only one method to solve the problem. However, the differences between these two groups of 
teachers in terms of translating from graphic to algebraic representations of quadratic functions 
came from their methods in arriving at the correct answer. First of all, while all the Chinese 
teachers provided clear method explanations, twenty percent of the U.S. teachers did not. In 
addition, the U.S. teachers totally employed four different methods to solve the problem while 
the Chinese teachers only used three. Second, the Chinese teachers and the U.S. teachers only 
shared one method, which was the vertex form. Besides the vertex form of quadratic functions, 
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the Chinese teachers used the standard form and function transformation while the U.S. teachers 
applied parent function, quadratic regression, and the factored form of quadratic functions. 
 
Table 4.12 Three forms of clear explanation about solution methods  
Category Chinese (n=20) U.S. (n=16) Total (n=36) 
Procedural 9(45%) 1(6.25%) 10(27.8%) 
Deep procedural 11(55%) 10(62.5%) 21(58.3%) 
Conceptual 0 5(31.25%) 5(13.9%) 
      
 
      The coding process and examples of each form of explanation listed in Table 4.12 can be 
found in Table 3.4. Table 4.12 shows the distribution of procedural-based, deep procedural-
based, and conceptual-based explanations among the participants with correct answers and clear 
explanations. In this way, all the Chinese teachers and sixteen U.S. teachers were included in the 
count. The Chinese teachers only provided procedural and deep procedural explanations for this 
problem. In particular, forty-five percent of the Chinese teachers gave procedural explanations 
while the remaining Chinese teachers explained their methods in a deep procedural way. In 
addition to procedural and deep procedural explanations, the U.S. teachers explained their 
solutions in a conceptual way. Sixty percent of the U.S. teachers provided deep procedural 
explanations. One third of all the U.S. teachers employed conceptual explanations while only one 
U.S. teacher explained their solution in a procedural way. 
      Similar to the Chinese teachers, most of the U.S. teachers provided deep procedural 
explanations. However, the U.S. teachers differed from their Chinese counterparts in terms of 
demonstrating their conceptual knowledge on the translation of representations of quadratic 
functions. One third of the U.S. teachers provided evidence of conceptual understanding of this 
problem while no Chinese teacher did so. Moreover, the Chinese teachers used procedural 
99 
explanations more often than the U.S. teachers did. Forty-five percent of the Chinese teachers 
presented more procedural-oriented explanations while only one U.S. teacher did so. To 
conclude, the U.S. teachers presented more conceptual-oriented explanations than the Chinese 
teachers.  
Translate from Graphic Representation to Word Description 
      Table 4.13 summarizes how the teachers’ responses distributed into the eight aspects of the 
quadratic function. Since some teachers elaborated on more than one aspect of the quadratic 
function, the percentage of each category is calculated out of 100.  
 
Table 4.13 Word descriptions about the quadratic function 
Category Chinese (n=20) U.S. (n=20) Total (n=40) 
1. Word description of the algebraic 
expression 
7(35%) 8(40%) 15(37.5%) 
2. Parent function 0(0%) 8(40%) 8(20%) 
3. Function relationship 1(5%) 1(5%) 2(5%) 
4. Function definition 2(10%) 0(0%) 2(5%) 
5. Characteristics of the function 9(45%) 1(5%) 10(25%) 
6. Function transformation 0(0%) 5(25%) 5(12.5%) 
7. Rate of change 0(0%) 1(5%) 1(2.5%) 
8. Verification of quadratic function 2(10%) 0(0%) 2(5%) 
 
 
      The Chinese teachers highlighted using words to describe the obtained algebraic expression 
of the quadratic function and elaborating the characteristics of the function. Specifically, forty-
five percent and thirty-five percent of the participants did this respectively. Function definition, 
function relationship, and the verification of quadratic function were illustrated by a small 
number of the Chinese teachers (5% to 10%).     
      Forty percent of the U.S. teachers emphasized the word description of the algebraic 
expression. The same number of the U.S. teachers elaborated on how the quadratic function 
shifted from the parent function. While twenty-five percent of the U.S. teachers illustrated the 
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general rules of doing function transformation, little attention was paid to the function 
relationship and the rate of change of values.  
      There are similarities and differences between the Chinese and the U.S. teachers’ word 
descriptions about the quadratic function. Similar to the Chinese teachers, forty percent of the 
U.S. teachers highlighted using words to describe the algebraic expression of the function. Both 
the Chinese and the U.S. teachers paid little attention to elaborating the function relationship.  
      The differences between the Chinese and the U.S. teachers’ responses are summarized in 
terms of three aspects. First, in terms of the function transformation, the U.S. teachers paid more 
attention to it than the Chinese teachers did. While no Chinese teacher elaborated on function 
transformation, twenty-five percent of the U.S. teachers did so. Additionally forty percent of the 
U.S. teachers articulated how the quadratic function shifted from its parent function. Second, in 
terms of the characteristics of the function and the function definition, the Chinese teachers 
elaborated more than the U.S. teachers. In particular, forty-five percent of the Chinese teachers 
described the characteristics of the function, including the monotonicity5 of the function, the axis 
of symmetry, and intercepts. Finally, with respect to the two kinds of responses that reflect the 
teachers’ deep and comprehensive understanding of the underlying functional situation, two 
Chinese teachers explained why the graph was a parabola while one U.S. teacher articulated the 
rate of change in values.  
      In sum, both the Chinese and the U.S. teachers emphasized using words to describe the 
algebraic expression of the function, while this type of response did not add additional 
information about the participants’ understanding. Both the Chinese teachers and the U.S. 
teachers provided evidence of the nature of their understanding of the function. Two Chinese 
                                           
5 According to Wikipedia, in calculus, a function defined on a subset of the real numbers with real values is called 
monotonic if it is either entirely non-increasing or non-decreasing.  
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teachers who verified that the function is parabolic showed their fluency of the knowledge about 
the characteristics of quadratic functions. One U.S. teacher who articulated the rate of change 
demonstrated the deep understanding of the functional situation. In addition, a large percentage 
of both the Chinese and the U.S. teachers added little information about the function other than 
the existing algebraic expression. The Chinese teachers highlighted the characteristics of the 
function while the U.S. teachers focused on function transformation. Thus, while the Chinese 
teachers seemed to view the function in a static way, the U.S. teachers analyzed the function in a 
dynamic manner.  
Translate from Graphic Representation to Table Representation 
      Half of the Chinese teachers presented the table representations with no explanations. While 
one Chinese teacher calculated the coordinates of identified points, the remaining Chinese 
teachers directly read out the coordinates of certain points through the graph. Similar to the 
Chinese teachers, half of the U.S. teachers did not explain how they arrived at the table 
representation of the function. Particularly, one U.S. teacher did not provide a table 
representation and insisted that there was no need for one. Thirty-five percent of the U.S. 
teachers used the algebraic expression of the function to calculate the coordinates of points. The 
remaining fifteen percent of the U.S. teachers developed table representations by reading the 
graph. 
 
Table 4.14 Solution methods used in translating from graphic to table representations  
 Category Chinese (n=20) U.S. (n=20) Total (n=40) 
No response 0(0%) 1(5%) 1(2.5%) 
Unclear 10(50%) 9(45%) 19(47.5%) 
Read from the graph 9(45%) 3(15%) 12(30%) 
Calculation 1(5%) 7(35%) 8(20%) 
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      Referring to Table 4.14, the same number of Chinese and U.S. teachers did not elaborate 
their solution methods. While the Chinese teachers highlighted reading the graph to get 
coordinates of the identified points, the U.S. teachers preferred to do the calculation. Even 
though both doing calculations and reading the graph led teachers to the correct answer. Reading 
the graph is easier from a time efficiency standpoint than doing calculations. 
      Recalling that it is hard for students to imagine the parabola as extending forever (Zaslavsky, 
1997), I found that five Chinese teachers used the ellipsis to represent all other points on the 
graph while none of the U.S. teachers did so. Although different representations of functions 
were combined to reveal more information about the functions, a small number of the 
participants found additional information about the function while representing the function by a 
table. However, one Chinese teacher who verified that the graph is a parabola in her word 
representation identified some characteristics of the function and the rate of change of the 
function values from the table representation. Another Chinese teacher who also verified that the 
graph was a parabola in his/her word representation managed to find additional information 
about the characteristics of the function. In addition, one U.S. teacher who identified the parent 
function and characteristics of the function in the word representation recognized the rate of 
change of the function. 
      In conclusion, the Chinese teachers differed from their U.S. counterparts by using an easy 
way to represent the function in a table and in understanding that the parabola extends forever. 
Furthermore, both the Chinese and the U.S. teachers did not appear to value the table 
representation of the function, given that most of the Chinese and the U.S. teachers did not 
gather additional information about the function from the table representation.  
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Translations among Different Kinds of Representations 
      The second mathematics problem was designed to test the participants’ knowledge of 
translating among different representations of quadratic functions. Among the three 
aforementioned translations, the translation from graphic representation to algebraic expression 
is known to be the most challenging one (Zaslavsky, 1997). However, all the participants carried 
out the correct algebraic expression for the given parabola. Furthermore, all the participants 
answered the second mathematics problem correctly as well. 
      To give a broad comparison between Chinese teachers and U.S. teachers, it is fair to say that 
there is no much difference about the translation among different representations of quadratic 
functions for the two groups. As for the translation from the graphic representation to the 
algebraic expression, the U.S. teachers differed from the Chinese teachers by using various 
problem-solving methods and in providing evidence of conceptual understanding of the problem. 
This understanding was shown through a) the sound understanding of the meanings of the 
coefficients in the standard form of quadratic functions and b) understanding the relationship 
between the parent function and the shifted function. The Chinese and the U.S. teachers 
emphasized different aspects of the quadratic function when using words to describe the 
function. While the Chinese teachers highlighted the characteristics of the quadratic function the 
U.S. teachers focused on the transformations of the function. When representing the function by 
a table, the Chinese teachers differed from their U.S. counterparts by using an easy method and 
in understanding that the parabola extends forever. 
Research Question 2. What are the similarities and differences between Chinese and U.S. 




      Here I summarize the similarities and differences between the Chinese and the U.S. teachers’ 
content knowledge in terms of quadratic functions and quadratic equations. 
Similarities in Teachers’ Content Knowledge about Quadratic Functions:  
• Most of the Chinese and the U.S. teachers employed the vertex form of quadratic 
functions to solve the real world problem.  
• The same number of Chinese and U.S. teachers demonstrated their conceptual 
understanding of the problem, that is, the teachers not only used an appropriate form of 
the quadratic function to solve the problem, but also connected their knowledge about 
characteristics of quadratic functions to the mathematical model of the real world 
situation posed in the problem. 
• All the Chinese and U.S. teachers correctly translated among different representations of 
quadratic functions. 
Differences in Teachers’ Content Knowledge about Quadratic Functions:  
• The Chinese teachers differed from the U.S. teachers in correctly modeling a real world 
situation by using quadratic functions.  
• While the Chinese teachers were more likely to follow over-practiced procedures, the 
U.S. teachers showed a deeper procedural understanding of using quadratic functions to 
solve real world problems.  
• As for the translation from the graphic representation to the algebraic expression, the U.S. 
teachers differed from the Chinese teachers in using various problem-solving methods 
and in providing evidence of conceptual understanding of the problem. This was 
evidenced in how participants showed a sound understanding of the meanings of the 
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coefficients in the standard form of quadratic functions but also understanding about the 
relationship between the parent function and the shifted function.  
•  The Chinese and the U.S. teachers emphasized different aspects of the quadratic function 
when using words to describe the function. While the Chinese teachers highlighted the 
characteristics of the quadratic function the U.S. teachers focused on the transformations 
of the function.  
• While representing the function by a table, the Chinese teachers differed from their U.S. 
counterparts by using an easy way and in understanding that the parabola extends forever. 
Similarities in Teachers’ Content Knowledge about Quadratic Equations: 
• Both the Chinese and the U.S. teachers used the quadratic formula more frequently than 
completing the square.  
• Both the Chinese and the U.S. teachers used procedures that had been over-practiced in 
class. 
Differences in Teachers’ Content Knowledge about Quadratic Equations:  
• The U.S. teachers differed from the Chinese teachers by providing clear explanations on 
how they solved the equation.  
• More Chinese teachers than U.S. teachers anticipated that they should get two solutions 
for the equation. In other words, the Chinese teachers as a group differed from the U.S. 




Teachers’ Knowledge of Students’ Errors 
      After completing the tasks aiming at testing the teachers’ content knowledge of quadratic 
equations and functions, the teachers were provided scenarios to identify the student’s errors in 
solving quadratic equations and in the translation between graphic representation and algebraic 
expression of quadratic functions. The teachers’ knowledge of student’s errors is documented in 
this section. 
Teachers’ Knowledge of Students’ Errors in Solving Quadratic Equations 
How Teachers Analyze Amy’s Errors 
      Figure 3.2 is the mathematical scenario where Amy solved a quadratic equation. With respect 
to Peng and Luo’s framework, the teachers firstly evaluated Amy’s performance in solving the 
quadratic equation, identified what mistakes Amy had made, and interpreted the underlying 
mathematical knowledge deficiencies that resulted in Amy’s mistakes. Table 4.15 summarizes 
the teachers’ evaluations about Amy’s performance.  
 
 
Table 4.15 Teachers’ evaluations of Amy’s performance 







1. None 0(0%) 0(0%) 6(30%) 6(30%) 
2. Wrong 15(75%) 18(90%) 0(0%) 0(0%) 
3. Unclear thinking 3(15%)  0(0%)  
Half-half 4. Partial correct 1(5%) 2(10%) 3(15%) 11(55%) 
5. Mathematical correct 
without sound reasoning 
1(5%)  5(25%)  
6. Correct with 
unnecessary work 
0(0%)  3(15%)  
Positive 7. Correct answers 0(0%) 0(0%) 2(10%) 3(15%) 
8. Correct with 
understanding 




      All the Chinese teachers evaluated Amy’s performance. While ninety percent of the teachers 
condemned Amy’s performance, ten percent of the teachers gave what may be considered a half 
and half comment that suggested that Amy did something correct in solving the equation but she 
also made mistakes. No Chinese teacher provided positive evaluations. Different from the 
Chinese teachers, thirty percent of the U.S. teachers did not evaluate Amy’s overall performance. 
While almost half of the U.S. teachers gave half and half evaluations, fifteen percent of the 
teachers were positive about Amy’s performance. Significantly, no U.S. teacher gave negative 
evaluations. 
      Comparing the Chinese teachers to the U.S. teachers, it seemed that the Chinese teachers 
were more likely to give overall evaluations. In addition, the Chinese teachers tended to give 
negative comments while the U.S. teachers showed more tolerance in Amy’s mistakes. 
Reflecting this finding on each country’s test systems and assessment methods, I conjecture that 
the reason why the Chinese high school teachers seemed to not be tolerant about students’ errors 
probably comes from the rigid testing and grading system. We know that Chinese high school 
graduates need to take college entrance exams, which are high stakes tests deciding whether 
students have opportunities to pursue higher education. Also the problems on these college 
entrance exams are mostly open-ended questions where students need to explicitly justify their 
thinking and problem-solving procedures. However, facing the multiple-choice problems on the 
SAT and ACT, Amy can obtain the correct answer even though she has mistakes in some of her 
mathematical reasoning. Perhaps this is why the U.S. teachers exhibited more tolerance in Amy’s 
misunderstanding about mathematical concepts and principles related to the problem.  
      As aforementioned, Amy made three mistakes: First, she unnecessarily multiplied the factors 
out and then re-factored the polynomial. Second, she used “and” to combine the two solutions. 
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Third, she plugged the two solutions simultaneously into the equation to check the correctness of 
the solutions. I used “Mis 1,” “Mis 2,” and “Mis 3” to denote these three mistakes; Table 4.16 
presents the distribution of the teachers’ identifications of these mistakes. Given that it is 
possible for the teachers to have identified more than one mistake, each category was calculated 
out of 100%. 
 
Table 4.16 Identifications of Amy’s mistakes on solving the quadratic equation 
Categories Chinese (n=20) U.S. (n=20) 
Mis 1 14(70%) 14(70%) 
Mis 2 17(85%) 8(40%) 
Mis 3 12(60%) 11(55%) 
No mistake 1(5%) 2(10%) 
One mistake 3(15%) 6(30%) 
Two mistakes 8(40%) 9(45%) 
Three mistakes 8(40%) 3(15%) 
 
 
      Referring to Table 4.16, I found that most of the Chinese and the U.S. teachers identified that 
Amy did some unproductive work. Also around half of the Chinese teachers and half of the U.S. 
teachers noticed that Amy mistakenly checked the solutions together. The difference between the 
Chinese and the U.S. teachers is that while eight percent of the Chinese teachers recognized Amy 
used “and” to combine the two solutions only forty percent of the U.S. teachers recognized this. 
In other words, the number of the Chinese teachers who found the second mistake Amy made 
was twice as many as that of the U.S. teachers.  
      In Table 4.16 I also summarized the number of teachers who identified no mistake, one 
mistake, two mistakes and all the three mistakes. Typically, most of the Chinese and the U.S. 
teachers found two mistakes. While the number of the U.S. teachers who only recognized one 
error is twice that of the Chinese teachers, the number of the Chinese teachers who identified all 
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the errors is almost three times that of the U.S. teachers. In sum, the Chinese teachers differed 
from the U.S. teachers by identifying more of Amy’s errors in solving a quadratic equation. 
      In Chapter 3, I elaborated on the fact that there are four pieces of mathematical concepts and 
principles that Amy needed to understand to correct her mistakes. In other words, it is Amy’s 
understanding deficiencies in the following areas that contribute to her mistakes: 
1) the rationale of the factoring method,  
2) the zero-product property,  
3) the difference between “and” and “or”, and  
4) the meaning of solutions of quadratic equations. 
      Table 4.17 shows the distribution of the teachers’ interpretations about the underlying 
mathematical knowledge in which Amy had deficiencies. Given that the teachers may identify 
more than one piece of mathematical knowledge, the frequency of each category in Table 4.17 
was calculated out of 100%. Table 4.17 also records the number of pieces of mathematical 
knowledge that the teachers interpreted. 
 
Table 4.17 Interpretations of the mathematical knowledge that Amy needed 
Category Chinese (n=20) U.S. (n=20) 
Rationale of the factoring method 2(10%) 1(5%) 
Zero-product property 2(10%) 7(35%) 
Differences between “and” and “or” 8(40%) 0(0%) 
Meaning of solutions of quadratic equations 0(0%) 3(15%) 
No interpretation 10(50%) 12(60%) 
One interpretation 9(45%) 5(25%) 
Two interpretations 0(0%) 3(15%) 




      The U.S. teachers differed from the Chinese teachers in realizing Amy’s understanding 
deficiencies about the zero-product property and the meaning of solutions of quadratic equations. 
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In addition, the Chinese teachers differed from the U.S. teachers in identifying Amy’s knowledge 
deficiencies concerning the rationale of the factoring method and the differences between “and” 
and “or.” 
      While half of the Chinese teachers did not interpret any underlying mathematical knowledge 
needed by Amy, nine of the twenty Chinese teachers only recognized one piece of knowledge 
that contributed to Amy’s mistakes. One Chinese teacher distinctively identified three pieces of 
knowledge. Sixty percent of the U.S. teachers overlooked interpreting what mathematical 
knowledge that Amy lacked. Five and three U.S. teachers respectively identified one and two 
pieces of knowledge. 
      In sum, the Chinese and the U.S. teachers emphasized different mathematical knowledge that 
resulted in Amy’s mistakes. Most of the Chinese teachers and the U.S. teachers did not interpret 
Amy’s knowledge deficiencies.  
How Teachers Respond to Amy’s Errors 
      I analyzed the teachers’ responses in terms of five aspects: knowledge focus, pedagogical 
action, form of address, use of student error, and communicative barrier. Besides these five 
aspects that I adopted from Son’s analytical framework, I also noticed that addressing all the 
student’s mistakes is imperative. This is because Amy showed more than one misunderstanding 
about solving quadratic equations. Since the teachers had identified Amy’s mistakes, they were 
expected to address all these mistakes. Therefore, I created another category “number of 
addressed mistakes” into Son’s analytical framework. All the Chinese teachers and nineteen U.S. 
teachers responded to Amy’s errors. Table 4.18 documented the number of mistakes and which 
mistake that the teachers specifically addressed, which is directing Amy to correct her mistakes. 
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Since the teachers may address more than one mistake, the percentage of each mistake was 
calculated out of 100%. 
 
Table 4.18 Mistakes addressed by the teachers 
Category Chinese (n=20) U.S. (n=19) Total (n=39) 
Mis 1 5(25%) 7(36.8%) 12(30.8%) 
Mis 2 9(45%) 3(15.8%) 12(30.8%) 
Mis 3 4(20%) 11(57.9%) 15(38.5%) 
No mistake 11(55%) 5(26.3%) 16(41.0%) 
One mistake 4(20%) 9(47.4%) 13(33.3%) 
Two mistakes 1(5%) 3(15.8%) 4(10.3%) 




       Around fifty percent of the Chinese teachers did not specifically address any mistake. 
Twenty percent of the Chinese teachers demonstrated one and three mistakes respectively. 
Within the group of teachers who addressed the mistakes while responding to Amy, forty-five 
percent of them addressed the second mistake, that is Amy used “and” to connect the two 
solutions. Twenty-five percent of the teachers explained the first mistake that Amy multiplied 
out the product of binomials (which does not advance the problem at all). Twenty percent of the 
teachers identified the third mistake that Amy checked the two solutions by substituting them 
into the equation simultaneously.  
      Around one fourth of the U.S. teachers did not respond to Amy’s mistakes. While almost 
fifty percent of the U.S. teachers addressed one mistake, a few teachers responded to two or three 
mistakes. Among the teachers who responded to Amy’s mistakes, more than half of them 
responded to the solution-checking mistake. The first mistake also attracted the U.S. teachers’ 
attention while the second mistake was overlooked.  
      Comparing the Chinese teachers to the U.S. teachers, the U.S. teachers differed from the 
Chinese teachers in terms of the number of teachers who addressed Amy’s mistakes. The same 
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number of Chinese teachers and U.S. teachers responded to two or three mistakes. In terms of 
Amy’s three mistakes, the Chinese teachers highlighted using “or” but not “and” to connect the 
two solutions while the U.S. teachers emphasized how to check the solutions. 
      Going back to Table 4.16, I found gaps between the teachers’ identification of the mistakes 
and the teachers’ demonstrations of the mistakes. In other words, the teachers did not address all 
Amy’s mistakes that they identified. First of all, the number of the teachers who identified the 
mistakes was larger than that of the teachers who responded to Amy’s mistakes. Therefore, even 
though some teachers knew of and understood Amy’s mistakes they did not specifically address 
Amy’s mistakes. Second, the Chinese teachers were consistent in terms of their emphases on 
Amy’s mistakes within the identification and the demonstration processes. For instance, the 
second mistake was highlighted while the Chinese teachers identified Amy’s mistakes and the 
Chinese teachers responded to the second mistake more frequently than the other two mistakes. 
Different from the Chinese teachers, the U.S. teachers showed a little inconsistency between 
their identification of and responses to the mistakes. In particular, Amy’s unproductive work was 
the most identified mistake, but the most addressed mistake among the U.S. teachers was how to 
check solutions.  
      Exploring further about the possible reasons that contribute to the above gaps, I found that 
although the Chinese teachers did not identify much about the mathematical knowledge that 
Amy lacked while they identified Amy’s errors, the Chinese teachers focused on addressing the 
mathematical knowledge when they responded to Amy. Because of this reason, there was a gap 
between the number of Chinese teachers who identified the mistakes and the Chinese teachers 
who addressed the mistakes. The Chinese teachers focused on explicitly explaining the 
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mathematical knowledge that would help Amy develop understanding to solve similar problems 
in the future and did not specifically direct Amy to correct her mistakes.  
      The number of the U.S. teachers who specifically addressed Amy’s mistakes is smaller than 
that of the U.S. teachers who identified the mistakes. This difference is different from that of the 
Chinese teachers. Because, I conjecture, the U.S. teachers did not address as much mathematical 
knowledge as the Chinese teachers did when responding to Amy. Therefore to further explain the 
reason I need to analyze other aspects of the U.S. responses to Amy. 
      The inconsistency of the U.S. teachers’ mistake focus between the identification and the 
demonstration processes is likely due to multiple reasons. Firstly, although most of the U.S. 
teachers noticed Amy’s unproductive work while identifying her mistakes, some of them did not 
regard the useless work as a mistake. Therefore there was no need to address this mistake when 
responding to Amy in the survey. As for the second mistake, the U.S. teachers addressed the zero 
product property but did not simultaneously explain the difference between “and” and “or,” thus 
their explanations were abstract and unclear for Amy to correct the mistake.  
 
Table 4.19 Teachers’ knowledge focus on addressing Amy’s mistakes on solving equations 
Category Chinese (n=20) U.S. (n=19) Total (n=39) 
None 0(0%) 3(15.8%) 3(7.7%) 
Procedural 9(45%) 10(52.6%) 10(25.6%) 
Conceptual 17(85%) 10(52.6%) 26(66.7%) 
 
 
      Table 4.19 summarizes the teachers’ knowledge focus. Three of the nineteen U.S. teachers’ 
responses don’t have any knowledge focus. Since the teachers may focus on both conceptual and 
procedural knowledge, the frequency of each category in Table 4.19 is calculated out of 100%. 
Eighty-five percent of the Chinese teachers conceptually addressed Amy’s mistakes while forty-
five percent of the Chinese teachers emphasized showing Amy step-by-step procedures. 
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Different from the Chinese teachers who mainly addressed Amy’s mistakes conceptually, the 
U.S. teachers distributed equal amount of attention to conceptual and to procedural knowledge. 
Note that thirty percent of the Chinese teachers addressed mathematical knowledge both 
conceptually and procedurally while only five percent of the U.S. teachers did so. In sum, the 
Chinese teachers differed from the U.S. teachers in addressing knowledge conceptually and in 
addressing knowledge in a comprehensive way, which involves both conceptual and procedural 
knowledge. 
 
Table 4.20 Mathematical knowledge addressed by the teachers 
Category Chinese (n=17) U.S. (n=10) Total 
(n=27) 
Rationale of the factoring method 1(5.9%) 1(10%) 2(7.4%) 
Zero-product property 13(76.5%) 10(100%) 23(85.2%) 
Difference between “and” and “or” 7(41.2%) 1(10%) 8(29.6%) 
Meaning of solutions of quadratic 
functions 
9(53.0%) 1(10%) 10(37.0%) 
One piece of knowledge 6(35.3%) 7(70%) 13(48.2%) 
Two pieces of knowledge 9(52.9%) 3(30%) 12(44.4%) 
Three pieces of knowledge 2(11.8%) 0(0%) 2(7.4%) 
 
      With the knowledge focus of the teachers’ responses, I further investigated what conceptual 
knowledge and how many pieces of conceptual knowledge the participants who provided 
conceptual knowledge addressed. Since some teachers addressed more than one piece of 
conceptual knowledge, the percentage for each knowledge category in Table 4.20 was calculated 
out of 100%. As for the four pieces of mathematical knowledge which have been identified as 
the reasons for Amy’s mistakes, most of the Chinese teachers addressed the zero-product 
property and around half of the Chinese teachers explained the difference between “and” and 
“or” and the meaning of solutions of quadratic functions. Only one Chinese teacher explained 
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that the rationale of the factoring method was the zero-product property. Also, one U.S. teacher 
addressed this rationale. While all the U.S. teachers elaborated the zero-product property, the 
other three pieces of knowledge were overlooked by them. 
      In terms of the number of pieces of knowledge addressed, half of the Chinese teachers 
addressed two pieces of knowledge, around one third of the Chinese teachers explained one 
piece of knowledge, and more than ten percent of the Chinese teachers elaborated three pieces of 
knowledge. While most of the Chinese teachers explained more than one piece of knowledge, 
most of the U.S. teachers only addressed one piece of knowledge. Seventy percent of the U.S. 
teachers addressed one piece of knowledge while the other U.S. teachers addressed two pieces. 
To conclude, the Chinese teachers outperformed the U.S. teachers in both the variety and the 
quantity of the addressed conceptual knowledge.       
     Given that the comparison between tables 4.16 and 4.18 revealed the gap between the number 
of Amy’s mistakes identified by the teachers and the number of mistakes addressed by the 
teachers, I further compared tables 4.16 and 4.20. Comparing Table 4.20, which documented the 
mathematical knowledge the teachers addressed when they responded to Amy, to Table 4.17, 
which recorded mathematical knowledge that was considered by the teachers as the reasons that 
caused Amy’s mistakes, I found that the number of the Chinese teachers who addressed the 
identified mathematics knowledge when they responded to Amy was more than that of the 
Chinese teachers who interpreted what mathematics knowledge is necessary for Amy to correctly 
solve the given equation. Therefore, it seems that even though some Chinese teachers did not 
explicitly state the mathematics knowledge needed by Amy when identifying her mistakes, they 
addressed the necessary mathematics knowledge when responding to Amy’s mistakes. However, 
the number of the U.S. teachers who addressed the identified mathematics knowledge when they 
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responded to Amy was similar to that of the U.S. teachers who interpreted what mathematics 
knowledge necessary for Amy. 
      With the goal of addressing the intended mathematics knowledge and helping Amy to 
understand the conceptual thinking behind her mistakes, the teachers employed both student-
centered and teacher-centered pedagogical actions. Referring to Table 4.21, it is clear that the 
Chinese teachers employed more pedagogical actions than the U.S. teachers did. Particularly, the 
Chinese teachers used more teacher-centered pedagogical actions than the U.S. teachers did. 
      The most prominent teaching action among the Chinese teachers is explaining the zero 
product property. This action follows from the fact that the zero product property was mostly 
identified by the Chinese teachers as a piece of knowledge that Amy lacked. Even though the 
zero product property was also highlighted by the U.S. teachers, the most prominent pedagogical 
action among the U.S. teachers is showing Amy how to check her solutions. Given that the 
teachers relied on showing the procedures of checking solutions, there is little indication that the 
teachers’ instruction would have helped Amy to understand the underlying reasons why solutions 
should be checked separately. 
      Both the Chinese and the U.S teachers highlighted teacher-centered pedagogical actions, 
where Amy was positioned more as a passive receiver. Compared to the U.S. teachers, the 
Chinese teachers addressed more mathematical content knowledge related to quadratic 
equations, such as methods to solve quadratic equations, using the discriminant of quadratic 
equations to find the number of solutions, and the three different forms of quadratic equations. 
On the contrary, the U.S. teachers addressed some seemingly unnecessary topics such as the 
communicative property of multiplication. The U.S. teachers also employed graphing calculators 
in their instruction while the Chinese teachers did not.  
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Table 4.21 Teachers’ pedagogical actions 
Pedagogical 
action 







1. Explain the rationale of the 
factoring method 
1 45(83.3%) 1 23(71.9%) 
2. Explain the zero product 
property 
12 7 
3. Explain the difference between 
“and” and “or” 
7 1 
4. Explain meaning of solutions of 
quadratic equations 
9 1 
5. Teach methods to solve 
quadratic equations 
6 0 
 6. Teach solving quadratic 
equations is to decrease the degree 
of ! 
1  0  
 7. Teach three forms of quadratic 
equations 
1  0  
 8. Show Amy how to solve the 
given equation 
5  2  
 9. Show Amy how to check 
solutions 
3  8  
 10. Show Amy how to use 
calculator to solve equations 
0  1  
 11. Use calculator to show what 
zeros represents 
0  2  
Student-
centered 
1. Make Amy solve additional 
equations 
2 9(16.7%) 1 6(18.7%) 
 2. Revise the problem solving 
procedures with Amy 
1 0 
 3. Ask Amy to explain her 
thinking 
2 0 
 4. Listen to Amy and point out her 
mistakes 
1 0 
 5. Inspire Amy to use discriminate 
to find the number of solutions 
2 0 
 6. Ask Amy questions to extend 
her understanding 
1 3 
 7. Ask Amy to check her mistakes 0  1  
 8. Ask Amy to represent solutions 
in other means 
0  1  
Misdirected 1. Remind basic multiplication 
properties 
0  3 3(9.4%) 
Total   54  32 
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Table 4.22 Categories for describing three aspects of pedagogical strategies to student error 
Aspect Categories Chinese (n=20) U.S. (n=19) 
Form of address 1. Show and tell 20(100%) 15(78.9%) 
 2. Give and ask 7(35%) 6(31.6%) 
Use of student error 1. Active use 4(20%) 7(36.8%) 
 2. Intermediate use 5(25%) 4(21.1%) 




1. Over-generalization approach 7(35%) 5(26.3%) 
2. Plato-and-the-slave-boy approach 1(5%) 4(21.1%) 
3. Return to the basics approach 8(40%) 5(26.3%) 
4. Specific to student error approach 7(35%) 6(31.6%) 
 
       
      Table 4.22 summarizes the local characteristics of the teachers’ responses to Amy’s errors. 
The Chinese teachers all applied a “show and tell” strategy to teach Amy while some of them 
simultaneously asked Amy questions to likely include her in the teaching and learning process. 
Almost half of the Chinese teachers did not employ Amy’s mistakes in their responses while the 
number of the Chinese teachers who actively addressed Amy’s errors and intermediately used 
Amy’s errors are equally distributed. Approximately one third of the Chinese teachers 
specifically addressed the student’s errors. While thirty-five percent of the teachers generally 
elaborated what mathematical knowledge or procedures Amy needed to gain, forty percent of the 
teachers returned to the basic knowledge embedded in using the factoring method to solve 
quadratic equations. However, only one Chinese teacher assumed that Amy’s mistakes were due 
to forgetting the related mathematical knowledge.  
      Similar to the Chinese teachers, the U.S. teachers also emphasized a “show and tell” 
approach when responding to Amy. In terms of the “use of student error,” the number of the U.S. 
teachers who intermediately employed Amy’s errors is similar to that of the Chinese teachers. 
However, more of the U.S. teachers than the Chinese teachers actively responded to Amy’s 
errors. Fewer U.S. teachers than the Chinese teachers hardly addressed Amy’s errors. With 
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respect to the “communicative barrier”, similar to the Chinese teachers, one third of the U.S. 
teachers addressed Amy’s errors in details. While the Chinese teachers focused on general 
instruction and returning to the basics, the numbers of the U.S. teachers who addressed general 
knowledge, basic knowledge, and helped Amy to recall mathematical knowledge were almost 
equally distributed. 
      While analyzing and summarizing the teachers’ responses to Amy’s solution, I noticed that 
two U.S. teachers first said something positive to Amy before they started addressing the 
knowledge focus. I speculate that by telling Amy she did a great job, the two teachers helped to 
build Amy’s confidence and her trust in them. Once students trust their teachers and have 
positive feeling on their teachers, they are more likely to follow their teaching. This is a practical 
strategy that may reinforce the use of this discourse practice. However, no Chinese teacher used 
this practice. 
Teachers’ Knowledge of Students’ Errors in Writing Algebraic Expressions  
How Teachers Analyze Amy’s Learning Difficulties 
      In the scenario where Amy was trying to write an equation for the parabolic graph (see 
Figure 3.3), she did not make any mistake but left the problem unfinished. Given that Amy 
didn’t make any mistake and didn’t finish the problem, most of the participants mainly focused 
on interpreting Amy’s obstacles in solving this problem. Writing an equation for a given graph of 
a quadratic function involves at least three aspects of knowledge: 
1. Read graphs. In this case, Amy should read that there were three points given in the 
graph. 
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2. Choose flexibly among three forms of quadratics. The vertex form of quadratics may 
make the problem solving process easier since Amy started with the coordinates of the 
vertex. 
3. Understand the underlying rationale of using the method of undetermined coefficients. 
Given that Amy used this method she should know that to solve for three unknown 
coefficients she should find three equations with these three unknowns. 
      Scrutinizing the above three pieces of mathematical knowledge and skills, the rationale of 
using the method of undetermined coefficients requires conceptual understanding. The ability to 
read graphs builds on the understanding of quadratic functions, even though extracting data from 
graphs is a low level of graph comprehension (Friel, et al., 2001). As for flexibly choosing a 
form of quadratic functions to solve problems, it is deep procedural knowledge with respect to 
Star’s definition (2005). 
 
 
Table 4.23 Amy’s knowledge deficiency identified by the teachers 
Category Chinese (n=20) U.S. (n=20) Total (n=40) 
None 0(0%) 4(20%) 4(10%) 
Read graph 15(75%) 7(35%) 22(55%) 
Choose the appropriate form of quadratics 6(30%) 12(60%) 18(45%) 
The method of undetermined coefficients 12(60%) 6(30%) 18(45%) 
 
 
      Table 4.23 reports the distribution of Amy’s knowledge deficiency identified by the 
participants. Since one teacher can simultaneously identify more than one knowledge deficiency, 
the percentage of each knowledge deficiency was calculated out of 100%. Coding process and 
examples of each form of knowledge deficiency listed in Table 4.23 can be found in Table 3.12.  
      Seventy-five percent of the Chinese teachers identified that one of the reasons preventing 
Amy from solving the problem is that she did not find enough information from the given graph. 
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In addition, sixty percent of the Chinese teachers believed that Amy lacked understanding of the 
method of undetermined coefficients. Moreover, thirty percent of the Chinese teachers brought 
out that Amy did not use the appropriate form of quadratics since plugging in the vertex 
coordinates into the vertex form of quadratics makes the problem much easier than plugging the 
vertex coordinates into the standard form of quadratics. 
      When it comes to the U.S. teachers, twenty percent of them did not recognize any of Amy’s 
knowledge deficiencies. Sixty percent of them pointed out that Amy did not use the appropriate 
form of quadratics to solve the problem. Additionally, around one third of the U.S. teachers 
identified Amy’s deficiencies in reading graphs and in understanding how to use the method of 
undetermined coefficients. 
      Comparing the Chinese teachers’ responses to those of the U.S. teachers, I found big 
differences between the Chinese and the U.S. teachers’ interpretations of Amy’s knowledge 
deficiencies. While most of the Chinese teachers identified that Amy did not get enough 
information from the given graph, most of the U.S. teachers held that Amy did not apply the 
correct form of quadratics to solve the problem. In addition, more of the Chinese teachers than 
the U.S. teachers identified that Amy lacked the understanding of using the method of 
undetermined coefficients. Twenty percent of the U.S. teachers did not identify any of Amy’s 
learning obstacles while none of the Chinese teachers did so as well.  
      To conclude, the Chinese teachers and the U.S. teachers focused on different knowledge 
deficiencies for Amy. The Chinese teachers outperformed the U.S. teachers in identifying the 
student’s learning obstacles and in recognizing conceptual-related mathematical knowledge that 
Amy seemed to require to be successful in solving the problem. 
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How Teachers Respond to Amy’s Learning Difficulties 
      When the participants responded to Amy, they chose either to focus on conceptual 
knowledge that helped Amy to solve this type of problems or to emphasize showing Amy the 
problem solving procedures. The coding process and examples of conceptual knowledge oriented 
responses and procedural knowledge oriented responses can be found in Table 3.13. 
 
 
Table 4.24 Teachers’ knowledge focus 
Category Chinese (n=20) U.S. (n=20) Total (n=40) 
Conceptual 3(15%) 1(5%) 4(10%) 
Procedural 17(85%) 19(95%) 36(90%) 
 
 
      In regard to Table 4.24, most of the Chinese teachers and the U.S. teachers provided direct, 
procedural-oriented responses with specific steps that Amy should follow to obtain the correct 
answer. The distribution of the Chinese teachers’ knowledge focus is similar to that of the U.S. 
teachers’. However, the Chinese teachers differed from the U.S. teachers a little bit with respect 
to providing conceptual knowledge oriented responses that address the method of undetermined 
coefficients.  
      After deciding to emphasize conceptual knowledge or procedural knowledge, the teachers 
selected pedagogical actions. One teacher may take on more than one pedagogical action 
simultaneously so the percentage of each action was calculated out of 100%. The coding process 
and examples of teacher-centered and student-centered pedagogical actions can be found in 
Table 3.13. In Table 4.25, the teacher-centered actions are those pedagogical actions that intend 
to show and teach Amy procedural and conceptual knowledge that is helpful in solving the 
problem. Particularly, within teacher-centered actions, the only piece of conceptual knowledge 
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the teachers addressed is the method of undetermined coefficients. The other teacher-centered 
actions focused on teaching Amy different procedures to obtain the algebraic expression of the 
quadratic function. The student-centered actions involve those stimulating and directing Amy to 
gain specific knowledge and information about the graph by herself.  
      Most of the Chinese teachers employed teacher-centered pedagogical actions, among which 
showing Amy how to solve the problem by the standard form of quadratic functions was the 
most frequently used action. In terms of student-centered pedagogical actions, the Chinese 
teachers intended to make Amy observe the graph, realize the importance of some points on the 
graph, and understand the relationship between the graphic and algebraic representations of the 
quadratic function.  
      Similar to the Chinese teachers, most of the U.S. teachers also used teacher-centered 
pedagogical actions. However, showing Amy how to use the vertex form of quadratic functions 
to solve the problem was most frequently employed. Since few U.S. teachers randomly 
mentioned a couple of student-centered pedagogical actions, there was no clue indication of what 
knowledge that the U.S. teachers determined that Amy should obtain to understand how to solve 
the problem.  
      The Chinese teachers and the U.S. teachers concentrated on directly teaching and showing 
Amy conceptual and procedural knowledge. Different from the U.S. teachers, the Chinese 
teachers took on more student-centered pedagogical actions, which were helpful for Amy in 
developing the connections between observing graphs, selecting the most appropriate form of 
quadratic functions, and understanding the relationship between the graphic and algebraic 
representations of the function.  
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Table 4.25 Teachers’ pedagogical actions  
Pedagogical 
action 







1. Show Amy how to solve the 
problem by the standard form of 
quadratic functions 
15 28(73.7%) 4 28(87.5%) 
 2. Show Amy how to solve the 
problem by the vertex form of 
quadratic functions 
6  17  
 3. Show Amy how to solve the 
problem by the factored form of 
quadratic functions 
3  5  
 4. Explain three unknown 
parameters need three equations 
4  1  
5. Show Amy to use calculator to 




1. Stimulate Amy to think of other 
forms of quadratic functions 
3 10(26.3%) 1 4(12.5%) 
 2. Stimulate Amy to realize the 
functions of several important 
points on quadratic functions 
2 0 
 3. Discuss when to use standard, 
vertex or factor form of quadratic 
equations 
0 1 
 4. Let Amy to observe the graph 2 2 
 5. Direct Amy to understand the 
relationship between functions 
and the graphs of the functions 
3 0 
Total  38  32  
 
 
      Digging deeper beyond conceptual and procedural distinctions, I analyzed the nature of 
teachers’ responses to gain more insights. Table 3.14 shows my coding process and example 
responses from all the categories listed in Table 4.26. In terms of “form of address” the responses 
were overwhelmingly “show and tell”. Based on this finding, both the Chinese teachers and the 
U.S. teachers preferred to deliver knowledge to students over stimulating students to learn 
themselves. 
      Neither the Chinese teachers nor the U.S. teachers actively applied Amy’s error to provide 
responses. Given that Amy did not make any mistake, it is plausible that the teachers did so. 
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However some teachers still employed the equation written by Amy to develop their responses. 
Three fourths of the Chinese teachers did so, thus their responses were coded as “intermediate 
use of students’ error.” Different from the Chinese teachers, ninety percent of the U.S. teachers 
ignored the equation written by Amy and instead started a new path to teach Amy.  
 
 
Table 4.26 Categories for describing three aspects of pedagogical strategies to student error 
Aspect Categories Chinese (%) U.S. (%) 
Form of address 1. Show and tell 85 90.5 
 2. Give and ask 15 9.5 
Use of student error 1. Active use 0 0 
 2. Intermediate use 75 10 
 3. Rare use 25 90 
Communicative 
barrier 
1. Over-generalization approach 16.7 40 
2. Plato-and-the-slave-boy approach 4.2 5 
 3. Return to the basics approach 12.5 0 
 4. Specific to student error approach 66.6 55 
 
       
      With respect to “communicative barrier” the Chinese teachers mainly used the “specific to 
student error approach.” This means that the teachers provided specific problem solving 
procedures according to what they perceived as Amy’s thinking obstacles. Besides that approach 
around seventeen percent of the Chinese teachers’ responses were too general to address Amy’s 
obstacles appropriately. Around twelve percent of the responses addressed basic mathematical 
knowledge and principles that Amy should understand in order to solve this type of problems in 
the future. The “Plato-and-the-slave-boy approach” was seldom employed by the teachers. This 
finding aligns with the result that the Chinese teachers used “show and tell” overwhelmingly to 
respond to Amy’s errors. 
      The U.S. teachers mainly used the “specific to student error approach” and “over-
generalization approach” while a small number of their responses were embedded in careful-
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designed questions that were designed to lead Amy to recall her related knowledge. Additionally 
none of the U.S. teachers intended to lead Amy back to basic mathematical knowledge. 
      Both the Chinese and the U.S. teachers mainly used the “specific to student error approach.” 
In particular, both the Chinese and the U.S. teachers preferred explicitly address Amy’s obstacles 
by providing step-by-step procedures. The “Plato-and-the-slave-boy approach” was belittled 
among the Chinese and the U.S. teachers. The teachers did not believe that Amy had the 
knowledge required to solve the problem and just temporarily forgot it. Thus, they preferred to 
teach her rather than ask her questions to recall the knowledge. Different from the Chinese 
teachers, the U.S. teachers also highlighted the “over-generalization approach,” where the 
teachers provided more general information without guidance on basic knowledge and 
principles.  
Research Question 3. What are the similarities and differences between Chinese and U.S. 
mathematics teachers’ knowledge of students’ errors in solving quadratic equations and 
translating between representations of quadratic functions? 
 
      I summarize similarities and differences in teachers’ knowledge about students’ errors in 
terms of the two mathematics scenarios of a) solving quadratic equations and b) writing the 
algebraic representation of a quadratic graph.  
Similarities between Teachers’ Knowledge about Students’ Errors in Solving Quadratic 
Equations:  
 
• Most of the Chinese teachers and the U.S. teachers identified that Amy performed 
procedures that were unproductive when she multiplied out the factored form of the 
quadratic equation. Also the majority of both groups of teachers identified the mistakes 
in Amy’s checking process.  
• Most of the Chinese and the U.S. teachers did not elaborate on what mathematics 
knowledge Amy needed while they identified Amy’s mistakes. 
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• Both the Chinese and the U.S. teachers mostly employed teacher-centered pedagogical 
actions.  
• In a similar vein, the teachers used a “show and tell” when they responded to Amy. 
• Most of the Chinese and the U.S. teachers rarely used Amy’s mistakes to teach her how 
to solve quadratic equations.  
• The percentages of the Chinese teachers and the U.S. teachers were similar in terms of 
providing general knowledge to guide Amy to solve the equation and showing specific 
procedural steps to Amy.  
Differences in Teachers’ Knowledge about Students’ Errors in Solving Quadratic 
Equations:  
 
• More of the Chinese teachers than the U.S. teachers evaluated Amy’s performance. In 
particular, the Chinese teachers tended to negatively comment on Amy’s solution while 
the U.S. teachers gave more positive comments as part of their response.  
• The Chinese teachers differed from the U.S. teachers in terms of identifying Amy’s 
mistakes. The Chinese teachers identified more mistakes than the U.S. teachers did. In 
particular, more of the Chinese teachers than the U.S. teachers identified Amy’s second 
mistake, that is she used “and” instead of “or” in combining the solutions.  
• To interpret Amy’s knowledge deficiency, the Chinese teachers concentrated on the 
difference between “and” and “or” while the U.S. teachers highlighted the zero-product 
property.  
• The Chinese teachers were more consistent than the U.S. teachers in terms of addressing 
the mistakes that they identified.  
• The Chinese teachers elaborated on more mathematics knowledge than the U.S. teachers 
did. While the U.S. teachers only concentrated on the zero-product property, the Chinese 
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teachers explained the difference between “and” and “or” and the meaning of solutions of 
quadratic equations. As a result, more of the Chinese teachers than the U.S. teachers 
focused on conceptual knowledge.  
• The U.S. teachers were more likely than the Chinese teachers to believe that Amy just 
needed to recall what she had learned. Without confidence on Amy’s mathematics 
knowledge, the Chinese teachers were more likely to return to the basic conceptual 
knowledge. 
Similarities between Teachers’ Knowledge of Students’ Errors in Translating from 
Graphic to Algebraic Representation of Quadratic Functions:  
 
• To respond to Amy’s knowledge obstacles, both the Chinese and the U.S. teachers 
focused on procedural knowledge in the way that they showed Amy specific procedures 
to solve the problem. 
• In a similar vein, both the Chinese and the U.S. teachers mostly employed teacher-
centered pedagogical actions to teach Amy procedures to find the algebraic 
representation of the function.  
• Therefore, both the Chinese and the U.S. teachers used mostly a “show and tell” 
approach in terms of form of address.  
Differences in Teachers’ Knowledge about Students’ Errors in Translating from Graphic 
to Algebraic Representation of Quadratic Functions:  
 
• While interpreting Amy’s knowledge obstacles that prevented her from obtaining the 
algebraic representation of the function, most of the Chinese teachers identified the 
conceptual related knowledge and ability issues since they believed that Amy lacked the 
ability to read graphs and did not understand the rationale of using the method of 
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undetermined coefficients. However, most of the U.S. teachers pointed out that Amy did 
not employ the most appropriate form of quadratic functions to solve the problem.  
• Highlighting the conceptual knowledge, the Chinese teachers differed from the U.S. 
teachers in terms of addressing the conceptual knowledge that Amy seemed to lack when 
developing their response to Amy.  
• The Chinese teachers differed from the U.S. teachers by employing student-centered 
pedagogical actions. While there is no evidence of what the U.S. teachers planned to 
teach Amy by using random student-centered pedagogical actions, the Chinese teachers 
showed their intention to support Amy by helping her to build the connection among 
observing the graph, selecting a proper form of quadratics to represent the graph, and 
interpreting the relationship between the graphic and algebraic representations of the 
function.  
• Responding to Amy, the Chinese teachers were more likely than the U.S. teachers to 
build on Amy’s errors.  
• While the U.S. teachers were more likely than the Chinese teachers to generally address 
some related knowledge about solving the problem, the Chinese teachers were more 
likely than the U.S. teachers to go back to basic knowledge. 
      To summarize, the two groups of teachers tended to address conceptual knowledge when 
Amy made mistakes. If Amy cannot finish a problem, the teachers tended to show her 
procedures to solve the problem correctly. Both the Chinese and the U.S. teachers employed a 
“show and tell” approach frequently to address Amy’s mistakes, furthermore, they highlighted 
teacher-centered pedagogical actions. Also, they tended to specifically address Amy’s errors and 
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knowledge deficiencies. However, the Chinese teachers differed from the U.S. teachers in terms 
of emphasizing conceptual knowledge and addressing basic mathematics knowledge. 
Relationships between Teachers’ Beliefs and Knowledge 
      Among the forty teachers participated in this study, five Chinese teachers and one U.S. 
teacher had an average score of 3 on the ten Likert scale items. In other words, six out of the 
forty teachers maintained a neutral standpoint with respect to entity belief oriented ideas and 
incremental belief oriented ideas. Within the other thirty-four teachers, nine of them revealed 
their beliefs aligned with entity theory while the other twenty-five teachers showed their 
perspectives reflecting ideas from incremental theory. Note that all the nine teachers who believe 
in entity theory are Chinese teachers. Except for one U.S. teacher maintained a neutral 
standpoint, all the other U.S. teachers are in the group believing in incremental theory. 
Teachers’ Beliefs and Their Content Knowledge 
      Table 4.27 summarizes the correct rates of the two groups of teachers in terms of their 
solutions to the three mathematics problems, which were designed to test teachers’ content 
knowledge about quadratic equations and functions. All the teachers reflecting an entity theory 
correctly employed quadratic functions to solve a real-world problem while 76% of the teachers 
who reflected incremental theory did so. While 77% of the teachers aligning with entity theory 
obtained two solutions for the quadratic equation, 52% of the teachers reflecting incremental 
theory did so. However, the two groups of the teachers all evidenced their proficiencies in 
translating among different representations of quadratic functions.  
 
Table 4.27 Correct rate between the two groups of teachers       
Teachers’ beliefs Real-world problem Solve equations  Translation among 
representations 
Entity theory 100% 77% 100% 
Incremental theory 76% 52% 100% 
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      In addition to the correct rate of problem solving, Table 4.28 shows that the teachers who 
gave evidence of aligning with entity theory were more likely than the group of teachers 
reflecting incremental theory to explain their solutions conceptually. To conclude, it seems that 
the group of teachers who reflected entity theory views had a higher rate of correctness and a 
higher rate of offering explanations than the group of teachers who reflected incremental theory 
views with respect to their content knowledge about quadratic equations and functions. 
 
Table 4.28 Conceptual justifications between the two groups of teachers       
Teachers’ beliefs Real-world problem Solve equations  Translation among 
representations 
Entity theory 22.2% 22.2% 66.7% 
Incremental theory 12% 8% 72% 
 
 
Teachers’ Beliefs and Their Knowledge of Students’ Errors 
      As I elaborated in chapter 3, Amy made three mistakes in solving the quadratic equation. 
Table 4.29 shows that the group of teachers believing in entity theory on average identified 2.2 
mistakes while the group of teachers believing in incremental theory on average identified 1.8 
errors. The teachers believing in entity theory not only tended to identify more students’ 
mistakes than their peers believing in incremental theory but also tended to identify students’ 
knowledge deficiencies in a conceptual way. More than 88% of the teachers believing in entity 
theory summarized the reasons why Amy failed to algebraically represent a given graph of a 
quadratic function was either she lacked the ability to read graphs or she did not obtain a 
conceptual understanding of the method of undetermined coefficients. However, only 52% of the 
teachers who believe in incremental theory did so. 
      When respond to Amy’s mistakes, the two groups of teachers both intended to address 
mathematics conceptually (see Table 4.30). However, more teachers believing in entity theory 
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than teachers believing in incremental theory did so. While Amy cannot finish representing a 
quadratic function algebraically, the two groups of teachers both focused on showing her 
complete procedures to obtain the correct answer. However, 8% of the teachers believing in 
incremental theory also explained mathematics conceptually. In sum, it seems that the group of 
teachers who believe in entity theory outperformed the group of teachers who believe in 




Table 4.29 Identification of students’ errors between the two groups of teachers       
Teachers’ beliefs Average number of mistakes 
identified in Amy’s solution of  
a quadratic equation 
Conceptual identification of Amy’s 
knowledge deficiency in 
representing a quadratic function 
algebraically  
Entity theory 2.2 88.9% 
Incremental theory 1.8 52% 
 
       
Table 4.30 Response to students’ errors between the two groups of teachers       
Teachers’ beliefs Respond to Amy’s mistakes 
conceptually 
Respond to Amy’s knowledge 
deficiency conceptually 
Entity theory 88.9% 0% 
Incremental theory 64% 8% 
 
  
Research Question 4. How does teachers’ knowledge relate to teachers’ beliefs about 
students’ learning ability?  
 
(a) How does teachers’ content knowledge relate to their beliefs about students’ learning 
ability? 
 
      Firstly, teachers with entity theory oriented beliefs about students’ mathematical learning 
abilities tended to have a good understanding of related mathematics topics. Second, although 
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the Chinese teachers differed from the U.S. teachers in giving correct answers, the teachers from 
these two countries performed similarly in terms of providing explanations about their solutions. 
The teachers emphasized the procedural-based explanations rather than the conceptual-based 
explanations. Investigating across the teachers’ content knowledge about quadratic equations and 
functions and their beliefs about students’ mathematical learning ability, I found that the Chinese 
teachers’ beliefs that a student’s learning goal is to gain positive judgments and students should 
avoid making mistakes is compatible the fact that the Chinese teachers (as a group) correctly 
solved the problems. Third, analyzing across the teachers’ content knowledge and their 
knowledge focus in responding to students’ errors, the Chinese teachers showed their conceptual 
competency in the quadratic topics. Even though they were mathematically efficient, most of 
them did not believe that a student’s learning goal is to improve mathematical competency and 
that high mathematical ability can be achieved through hard work. 
(b) How does teachers’ knowledge of students’ errors relate to their beliefs about 
students’ learning ability? 
 
      First of all, teachers with entity theory oriented beliefs about students’ mathematical learning 
abilities tended to have a good understanding of identifying and responding to students’ 
mistakes. Second, compared to the U.S. teachers, the Chinese teachers showed less tolerance in 
Amy’s mistakes and identified more of Amy’s mistakes and knowledge deficiencies. This seems 
to align with most of the Chinese teachers’ beliefs that students’ learning goals are to gain 
positive judgments and students should avoid making mistakes. Third, when responding to Amy, 
the teachers who believe in entity theory addressed more conceptual knowledge than the teachers 
believing in incremental theory did. It is true that the more conceptual knowledge students obtain 
the more mathematically intelligent they become. Therefore, there is a conflict between the 
teachers’ belief that a student’s mathematical ability is fixed and their intention is to help 
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students become mathematically intelligent. Last but not least, the U.S. teachers actively used 
Amy’s errors while they responded to her since the U.S. teachers believed that mistakes lead to 
deep understanding.  
Summary 
      Findings from this chapter reveal similarities and differences between the Chinese teachers 
and the U.S. teachers about their beliefs concerning students’ mathematical ability and their 
content knowledge and knowledge of students’ errors about quadratic equations and functions. 
      In terms of beliefs about students’ mathematical ability, the Chinese teachers and the U.S. 
teachers exhibited differences about mathematical intelligence, learning focus, expectations 
teachers hold for students, and attitudes towards making mistakes, but retained similarities in 
regard to students’ confidence in seeking out challenging problems. The Chinese teachers had 
responses that were aligned more with entity theory in terms of mathematical intelligence, 
learning focus and attitudes towards making mistakes while the U.S. teachers presented more 
responses aligned with incremental theory. For example, most of the Chinese teachers believed 
that mathematical ability is a talent that someone is born with, and it cannot be gained through 
hard work. Also, for the Chinese teachers, the focus of mathematical learning is to perform well 
in mathematics and to avoid making mistakes. However, the U.S. teachers mostly agreed that 
mathematical ability is not a fixed intelligence. Additionally, U.S. teachers’ responses reflected 
the idea that the goal of learning mathematics is to improve mathematical competency, and 
making mistakes is helpful for students’ to develop deep understandings of mathematical 
concepts.  
      When it comes to students’ confidence in seeking and solving challenging problems, both the 
Chinese and the U.S. teachers mostly held that students with different mathematical abilities 
135 
would finally achieve a behavior pattern that seeks out challenging problems. Furthermore, the 
Chinese teachers and the U.S. teachers both showed, for the most part, that they set different 
expectations for students with high and low abilities. The teachers also elaborated on their beliefs 
about students’ mathematical abilities in terms of their beliefs about the nature of students’ 
mathematical learning ability, what mathematical abilities students should attain, and factors that 
influence students’ mathematical learning.  
      More Chinese teachers than U.S. teachers solved the quadratic equation correctly and were 
able to use a quadratic function to represent and solve a real-world problem. Translating among 
different representations of quadratic functions, the Chinese and the U.S. teachers both showed 
their mathematical competency. Underlying the teachers’ answers were the explanations that the 
teachers provided to show how they solved the problems. Both the Chinese and the U.S. teachers 
concentrated on procedures rather than conceptual understanding when they explained solutions 
to the quadratic equation and how they used quadratic functions to represent a real world 
problem. Within translations from graphic representation to algebraic expression, word 
description and table representation, both the Chinese and the U.S. teachers gave correct 
answers, but each group varied in terms of explanations.  
      With respect to teachers’ knowledge about students’ errors, the Chinese teachers tended to be 
less tolerant than their U.S. counterparts when facing students’ errors. Within the same vein, the 
Chinese teachers identified more students’ errors than the U.S. teachers did. However, in terms 
of responding to students’ errors, the Chinese teachers and the U.S. teachers were similar in 
highlighting teacher-centered pedagogical actions that focus on “show and tell.” The Chinese 
teachers provided more conceptual knowledge than the U.S. teachers did, which was reflected in 
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communication barriers that indicated how the Chinese teachers elaborated on more basic 


















Chapter 5 Conclusions and Discussion 
Conclusions and Discussion 
      This chapter focuses on conclusions, limitations, discussion, and implications. After 
summarizing the main findings about teachers’ beliefs concerning students’ mathematical ability, 
teachers’ content knowledge and knowledge about students’ errors on quadratic equations and 
functions, I elaborate on the limitations of this study. In the discussion, I reflect how the findings 
relate to previous research literature by pointing out how the findings generated from this study 
align or conflict with previous studies and how the findings contribute to existing research 
frameworks. In the end, I discuss the implications for teachers, teacher educators, mathematics 
education researchers, and policy makers in accordance with the main findings. I first discuss 
conclusions organized by 
• Teachers’ beliefs about students’ mathematical abilities 
• Teachers’ content knowledge on quadratic equations and functions 
• Teachers’ knowledge of students’ errors on quadratic equations and functions 
Conclusions 
Teachers’ Beliefs about Students’ Mathematical Abilities 
      Teachers’ beliefs about students’ mathematical abilities were examined through two kinds of 
data: 
1. Likert scale items 
2. Open-ended responses. 
Both kinds of data yielded differences and similarities in the way U.S. teachers and Chinese 
teachers approached mathematical abilities.  
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Report on the Likert Scale Items 
      The Chinese and the U.S. teachers exhibited differences in their beliefs about mathematical 
intelligence, learning focus, and attitudes towards making mistakes, but retained some 
similarities in regard to their beliefs about students’ confidence in seeking challenging problems 
and meeting teachers’ expectations. While the Chinese teachers’ responses reflected entity theory 
oriented opinions in terms of mathematical intelligence, learning focus and attitudes towards 
making mistakes, the U.S. teachers’ presented responses that were more aligned with 
incremental theory. For example, most of the Chinese teachers believed that mathematical ability 
is a talent that someone is born with and cannot be gained through hard work. Also, from the 
Chinese teachers’ perspectives, the focus of mathematical learning is to perform well in class and 
on assessments, and students should avoid making mistakes. However, the U.S. teachers mostly 
responded that mathematical ability is not a fixed intelligence. Additionally, they claimed that 
the goal of learning mathematics is to improve students’ mathematical competency and that 
making mistakes is helpful for students in developing deep understandings of mathematical 
concepts.  
      When it comes to students’ confidence in seeking challenging problems, both the Chinese 
and the U.S. teachers mostly held that students with different mathematical abilities ultimately 
achieve a behavior pattern that emphasizes seeking out challenging problems. Furthermore, most 
of the Chinese and the U.S. teachers confessed that they set different expectations for students 
with high and low mathematical abilities.  
Report on the Open-ended Problem 
      Besides the ten designed Likert scale items, the teachers also shared other thoughts about 
students’ mathematical ability. Overall the teachers’ thoughts were categorized into three 
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categories: The nature of students’ mathematical learning ability, mathematical abilities that 
students should attain, and factors that influence students’ learning. The same number of the 
Chinese teachers as the U.S. teachers explained their opinions about the nature of students’ 
mathematical learning ability. The Chinese teachers highlighted the mathematical abilities that 
students should attain while the U.S. teachers emphasized the factors that influence students’ 
mathematical learning. 
• The Nature of Students’ Mathematical Learning Ability 
      Although the ratio between the teachers who reflected incremental theory and those who 
reflected entity theory was higher among the U.S. teachers than that of the Chinese teachers, 
there were some common beliefs shared by all the teachers. For instance, the three Chinese 
teachers who elaborated on their entity theory oriented beliefs about students’ learning ability 
brought out three points: a) Mathematical ability is a talent that someone is born with and the 
learning process is just to exploit it, b) students’ intelligence differences contribute to their 
different mathematical understanding levels, and c) these differences start to appear in high 
school. A U.S. teacher also claimed that students achieve at different mathematical 
understanding levels. From this U.S. teacher’s perspective, students may tremendously improve 
their mathematical ability, but they can never ultimately obtain equally high abilities, as 
compared with the highest “ability” students. Additionally, given that students are at different 
mathematical learning levels, the Chinese teachers were more likely to offer help hoping their 
students can make some progress. Still, one Chinese teacher confessed that she sets up different 
expectations for students showing different learning levels, which aligns with one U.S. teacher’s 
opinion that not all students should be forced to learn four-year mathematics.  
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      As for those teachers who explained their incremental oriented beliefs, the main idea was that 
students are able to improve their mathematical ability through hard work and everyday learning. 
However, the U.S. teachers initiated one more issue: They seemed to believe that all students can 
achieve high mathematical abilities as long as enough material and environmental supports are 
provided. This actually is an educational equity issue that no Chinese teacher expressed thoughts 
about. 
• Mathematical Abilities that Students Should Attain 
      With respect to mathematical abilities that students should attain, the Chinese teachers shared 
many thoughts. The most frequently mentioned mathematical abilities were self-learning ability, 
thinking skills, creative and practical ability, the ability to analyze and solve problems, and 
divergent thinking ability. In other words, the Chinese teachers hoped their students were able to 
learn by themselves using their unique thinking skills. Moreover, they hoped that their students 
would not only be able to analyze and solve problems, but would be skilled at applying what 
they learned in order to solve practical problems in a creative way. Furthermore, sometimes 
students should jump out of their thinking routines and try to solve problems from different 
starting points to achieve divergent thinking abilities. Compared to the Chinese teachers, the U.S. 
teachers were not as ambitious in terms of cultivating students’ mathematical abilities with only 
two teachers mentioning mathematical language ability and thinking skills. 
• Factors that Influence Students’ Learning 
      In terms of factors that influence students’ mathematical learning, the U.S. teachers 
intensively elaborated on student-based factors, teacher-based factors, and environment-based 
factors while the Chinese teachers only focused on student-related factors. It seems that the 
Chinese teachers believed that it is the students who need to spend time and effort to gain certain 
141 
mathematical abilities. However, different from the Chinese teachers, the U.S. teachers also 
noticed the importance of teacher-based factors and environment-based factors.  
      Even though both the Chinese and the U.S. teachers emphasized student-based factors, they 
showed different perspectives as they explained their views. For example, the Chinese teachers 
highlighted students’ learning methods and habits, students’ willpower, and students’ learning 
interest and confidence. Since many of the Chinese teachers held that students’ mathematical 
ability is fixed, supporting students to be efficient in mathematics seemed to be rooted in 
impacting students’ learning methods and habits. Actually, the Chinese culture commonly admits 
that in order to achieve certain goals it is essential to have the correct methods, habits and work 
ethic, based on my experiences and my understanding of the Chinese educational system. 
Therefore, helping students to cultivate efficient learning methods and habits is a long-lasting 
goal among all Chinese teachers. Given that Chinese high school students have the added 
incentive of passing the college entrance exam, and that they are deemed as the most hard-
working people in Chinese society, how far students can go on a tough and challenging journey, 
such as an educational one, is perceived to be determined by their willpowers. Again, this is 
based on my experiences as a student in China and those of my friends in college. Referring to 
Lin et al. (2010), the adoption of learning goals increases learning, and most Chinese students 
often exhibit clear learning goals. With the well-established learning goals the educational 
journey will likely be much clearer for Chinese students. 
      On the other hand, in terms of student-based factors, the U.S. teachers concentrated on 
students’ learning purposes, students’ hard work, and their fear of failure. Aligned with results 
from the Likert scale items, the U.S. teachers reflected beliefs that students’ hard work is a 
critical factor influencing their mathematical learning. In addition, U. S. teachers noticed the 
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importance of learning purpose and fear of failure as influencing how willing students are to 
spend time, effort, and hard work on their studies. 
       Additionally, the U.S. teachers elaborated on teacher-based factors and environment-based 
factors. With respect to teacher-based factors, the teachers insisted that teachers should instruct 
students on the rationale underlying mathematics concepts and facts, and that teachers should 
employ collaborative teaching and differentiated teaching whenever possible. Further, it is worth 
pointing out that the U.S. teachers brought out the idea of student-teacher respect. For example, 
one U.S. teacher showed his or her belief that student-teacher respect influences students’ 
learning, through which students develop their mathematical learning abilities. U. S. teachers 
highlighted two areas of teaching methods and the relationship between students and teachers in 
their response. In terms of environment-based factors, the U.S. teachers commented along a wide 
range of ideas. They not only elaborated on school and family related factors, but they also 
pointed out cultural and social acceptance. Furthermore, the U.S. teachers drew attention to the 
importance of considering parents’ expectations and material support as part of influencing 
factors. 
      In sum, the Chinese and the U.S. teachers were quite different in what they chose to highlight 
about students’ mathematical ability. In particular, I can see how some of these differences 
derive from social and cultural differentiations. 
Teachers’ Content Knowledge on Quadratic Equations and Functions 
      This study examined the teachers’ content knowledge on solving quadratic equations, using 
quadratic function model to solve a real-world problem, and translating among various 
representations about quadratic functions. I report conclusions about the teachers’ content 
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knowledge in terms of the correctness of their answers and their explanations. This section is 
organized along the following sections: 
1. Content knowledge on solving quadratic equations 
2. Knowledge of using a quadratic function model to solve a real-world problem 
3. Knowledge of translating among various representations about quadratic functions 
Content Knowledge on Solving Quadratic Equations 
      More Chinese teachers solved the quadratic equation correctly than their U.S. counterparts. 
However, the U.S. teachers provided more explanations about their approach to solving the 
problem than the Chinese teachers. Overall, both the Chinese and the U.S. teachers highlighted 
methods involving the quadratic formula and completing the square. Note that two U.S. teachers 
used graphing calculators while no Chinese teacher used calculators. In addition, both the 
Chinese and the U.S. teachers focused on explaining procedures about how they solved the 
equation rather than why they chose particular steps. Importantly, while one U.S. teacher 
predicted that the equation should have two solutions, four Chinese teachers did so. It seemed 
that the Chinese teachers had a better sense of the idea that parabolas are symmetric shapes and 
how this idea related to the problem at hand.  
Knowledge of Using a Quadratic Function Model to Solve a Real-world Problem 
      The Chinese teachers also differed from their U.S. counterparts with respect to correctly 
using quadratic functions to model a real-world problem. Writing a quadratic function to 
represent the real-world situation, the Chinese teachers highlighted both the standard form and 
the vertex form of quadratic functions while the U.S. teachers focused on the vertex form of 
quadratic functions. Note that one U.S. teacher employed a graphing calculator to run a quadratic 
regression. Among the teachers who provided correct answers, I explored their explanations. 
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While most of the Chinese teachers provided procedural explanations, most of the U.S. teachers’ 
responses reflected deep procedural competency. The same number of the Chinese teachers as 
the U.S. teachers demonstrated more conceptual understandings of the problem. However, more 
of the Chinese teachers than the U.S. teachers also included a graph representation as part of 
their solution to the problem. 
Knowledge on Translating among Various Representations about Quadratic Functions 
      Translating among different representations of quadratic functions, all the teachers’ 
responses reflected competency in using algebraic equations to represent graphs, which is often 
deemed as the most difficult translation among representations (Eraslan, 2005). Representing a 
given graph by algebraic equations, the Chinese teachers highlighted both the standard form and 
the vertex form of quadratic functions while the U.S. teachers focused on the vertex form of 
quadratic functions. This observation aligns with the finding that the Chinese teachers 
highlighted both the standard form and the vertex form of quadratic functions while the U.S. 
teachers focused on the vertex form of quadratic functions when they use quadratic functions to 
model a real world problem. Moreover, although the teachers most frequently showed their 
problem-solving procedural understanding, the U.S. teachers’ responses more often 
demonstrated conceptual knowledge as compared to the Chinese teachers. 
      When describing the quadratic function by words, the teachers focused on different aspects. 
While some of the teachers simply used words to express how they obtained the algebraic 
representation of the function, the others elaborated characteristics of the function, function 
transformation, and the rate of change. Given that the purpose of employing different 
representations of functions is to reveal as much information about functions as possible (Even, 
1990), using words to rephrase the algebraic representation of the function seemed powerless and 
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uninformative. However, thirty-five percent and forty percent of the Chinese teachers and the 
U.S. teachers respectively used word rephrasing. Moreover, among those teachers who noticed 
additional information about the functions, the Chinese teachers tended to explain the 
characteristics of the functions while the U.S. inclined to elaborate on the function 
transformations. Therefore, it seems that the Chinese teachers analyzed the function in a static 
way while the U.S. teachers did so in a dynamic way. 
      Comparing the algebraic and word representations, the teachers’ table representations 
seemed similar to each other. The Chinese teachers directly read the points from the graph while 
the U.S. teachers used the obtained algebraic equation of the function to calculate the coordinates 
of certain points. Recalling that it is hard for students to imagine the parabola as extending 
forever (Zaslavsky, 1997), I found that five Chinese teachers used ellipsis to represent all other 
points on the graph while none of the U.S. teachers did so. 
      In sum, there are no significant differences between the Chinese and the U.S. teachers’ 
content knowledge about quadratic equations and functions. Although more Chinese teachers 
obtained the correct solution compared with the U.S. teachers, this was a relatively small 
numbers and both the Chinese teachers and the U.S. teachers tended to provide procedural 
explanations rather than conceptual explanations. 
Teachers’ Knowledge of Students’ Errors on Quadratic Equations and Functions 
      In the provided mathematical scenarios, the teachers identified and responded to a student’s 
errors from solving a quadratic equation and translating from the graphic representation to the 
algebraic representation of a quadratic function. This section is organized by the following 
sections: 
1. Teachers’ knowledge of students’ errors in solving quadratic equations 
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2. Teachers’ knowledge of students’ errors in translating between representations of 
quadratic functions 
Teachers’ Knowledge of Students’ Errors in Solving Quadratic Equations 
            Referring to the teachers’ overall evaluations of Amy’s performance, it is obvious that the 
Chinese teachers were less tolerant than the U.S. teachers concerning the student’s errors. Within 
the same vein, the Chinese teachers were more inclined to identify more of Amy’s mistakes than 
the U.S. teachers did. Although most of the Chinese teachers and the U.S. teachers identified 
more than one part of Amy’s mistakes, they did not address all the identified errors. In other 
words, there was a large gap between the number of identified errors and the number of 
addressed errors for both groups of teachers. Exploring further the factors that resulted in this 
gap, two possibilities existed from the analysis of the teachers’ knowledge focus when 
responding to Amy.     
      Firstly, the teachers did not accurately locate the specific piece of mathematical knowledge 
that resulted in Amy’s mistake. For example, most of the Chinese teachers and the U.S. teachers 
identified that Amy did unproductive work by multiplying out the factored form of the quadratic 
equation. However, they failed to address this mistake since only one teacher from each of the 
two groups addressed the rational of the factoring method. Second, some teachers did not 
perceive the intention of the questions posed to them as addressing Amy’s mistakes, but instead 
focused on teaching essential mathematical knowledge that would help Amy in building a better 
mathematical understanding of the problem and future problems like this one.  In particular, the 
Chinese teachers did not specify what specific knowledge is necessary for Amy when identifying 
her mistakes, but they addressed all the basic knowledge in detail when responding to Amy to 
help her develop conceptual understanding. 
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      While responding to Amy, both the Chinese teachers and the U.S. teachers employed 
teacher-centered pedagogical actions that highlighted “show and tell.” However, more U.S. 
teachers than Chinese teachers seemed to believe that Amy simply needed help to recall all the 
needed mathematical knowledge so they actively used Amy’s mistakes to deduce her lapses in 
knowledge about solving quadratic equations. Compared with the U.S. teachers, the Chinese 
teachers were more likely to return to basic knowledge since they held that Amy’s failure of 
solving the equation correctly revealed her forgetting and misunderstanding of the necessary 
mathematics knowledge. 
Teachers’ Knowledge of Students’ Errors in Translating between Representations of 
Quadratic Functions 
 
      In spite of the fact that Amy did not directly show any mistake in translating from graphic to 
algebraic representations of the quadratic function, the teachers still identified her knowledge 
deficiencies. While the Chinese teachers focused on Amy’s ability to read graphs and her 
understanding of the undetermined coefficients method, the U.S. teachers highlighted the 
appropriate form of the function that Amy should have used. Therefore, it seems that the U.S. 
teachers’ focus was somewhat superficial since the form that Amy should use only determines 
the way in which Amy would obtain the correct answer. The correct form does not support Amy 
in developing the deep understanding of the underlying mathematical knowledge that assures 
that Amy will approach the problem correctly in the future no matter which procedures she 
chooses.  
      Responding to Amy, the Chinese teachers and the U.S. teachers both highlighted teacher-
centered actions that treated Amy as a passive receiver. Since Amy did not finish the problem, 
most of the Chinese teachers and the U.S. teachers showed detailed procedures on how to solve 
the problem. Although most of the Chinese teachers and the U.S. teachers explicitly addressed 
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the problem-solving procedures, the Chinese teachers were more likely to teach basic knowledge 
while the U.S. teachers tended to give general instruction to address Amy’s mistakes. 
Limitations 
      This study is designed to compare Chinese teachers’ and U.S. teachers’ knowledge and 
beliefs, but a sample of twenty teachers from each country are is too small a number draw clear 
conclusions. In addition, this study employed a convenience sampling method that recruits 
participants in a certain area of each country. Although to some extent the participants reflect 
common characteristics of teachers in each country, the participant in this study cannot be 
regarded as representative of all the teachers in each country.  
      In addition, to investigate similarities and differences across these two groups of teachers, it 
would be better to have two groups of teachers who are compatible in terms of their demographic 
backgrounds. However, given that the data collection method is contacting teachers during their 
common meeting time and sending email invitations, I could not control which teacher finally 
agreed to join the study. Therefore, there are demographic differences between the two groups of 
teachers. As listed in Table 3.1, the group of Chinese teachers includes ten male teachers while 
five male U.S. teachers participated in the study. Moreover, most of the U.S. teachers obtained 
master degrees in mathematics education while most of the Chinese teachers achieved bachelor 
degrees in mathematics. The difference between the two groups of teachers is also reflected by 
the number of college level mathematics courses that they have taken. 
      This study used a specifically designed survey to collect data. Given that this is the only 
resource of data, response triangulation cannot be constructed in terms of answering the 




       Comparing the Chinese students and the U.S. students’ math learning attitudes, previous 
researchers (Shen, Sullivan, Igoe, & Shen, 1996; Fuligni & Stevenson, 1995) revealed that 
Chinese students are more likely than their U.S counterparts to choose difficult tasks for 
themselves and are more likely to spend time studying mathematics. The results from this study 
to some extent explained this existing difference found in the literature. According to the 
participants, students in the Chinese teachers’ Algebra classes spend more than seven hours per 
week doing homework while the U.S. teachers reported that their students devote less than two 
and a half hours per week to homework done outside of class. With the purpose of passing the 
college entrance exam, which is the most competitive test that students experience in their K-12 
education in China, Chinese students seem to not only study long hours, but also challenge 
themselves with difficult problems in order to prepare for the exam. It is also possible that some 
students try hard problems with the intention of flattering their teachers. For instance, teachers 
established certain impressions of their students. The high level students obtained the teachers’ 
high expectations. In order to meet the teachers’ expectations, they may work hard to show their 
ability to handle challenging problems. Furthermore, the Chinese teachers tend to believe that 
mathematical ability is a talent with which someone is born. With fixed mathematical ability, 
Chinese teachers and students insist that hard work and everyday learning will contribute to the 
improvement of students’ performance, which is the goal of learning mathematics perceived by 
the Chinese teachers. Therefore, Chinese students are reported more hard working than their U.S. 
counterparts (Shen, Sullivan, Igoe, & Shen, 1996; Fuligni & Stevenson, 1995).   
      An et al. (2006) compared teachers’ beliefs about the goal of mathematics education among 
28 middle school teachers in U.S. and 33 math teachers in China and found that U.S. teachers 
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held the belief that teachers should teach students how to solve problems in the real world rather 
than problems that are decontextualized. However, Chinese teachers believed that the key 
component of mathematics teaching was enhancing students’ ability in logical and critical 
thinking. Returning to the finding from this study, the Chinese teachers highlighted mathematical 
abilities that students should attain when they talked freely about their beliefs related to students’ 
mathematical ability. Given that the U.S. teachers believe that the goal of learning mathematics 
is to improve mathematical proficiency, it seems the U.S. teachers held that high mathematical 
proficiency results in students’ ability to solve real-world problems.  
      With respect to teachers’ content knowledge, the results revealed that the U.S. teachers have 
difficulties in using quadratic functions to model real-world situations, which aligns with 
previous researchers’ (Kieran, 1992; Clement, 1982; Eraslan, 2005) findings that generating 
equations to represent the relationships in typical word problems is known to be one of the major 
areas of difficulty for high school algebra students. To write quadratic functions, Zaslavsky 
(1997) claimed that students prefer the standard form to the vertex or the factored form. 
However, the findings from this study suggest that the teachers from both China and the U.S. 
have better deep procedural understanding of quadratic functions than students do. For instance, 
the U.S. highlighted vertex form since this form makes the calculation process easier while the 
Chinese teachers equally highlighted the vertex form and the standard form.   
      Didis (2011) reported various types of mistakes involving students’ quadratic equation 
solutions, however, the evidence from the teachers’ responses in this study is not enough to 
reveal teachers’ dominating mistakes. The two groups of teachers’ responses revealed that they 
may have viewed solving quadratic equations as a fairly straightforward task since many of them 
only stated which method they would use rather than offering an explanation of the method. In 
151 
fact, however, not all the teachers who attempted the problem obtained the correct answers. For 
those who received the incorrect answer, they obtained one solution rather than the two correct 
solutions. Without the idea that parabolas are symmetric shapes, the teachers obtained one 
solution and did not appear to go back to the problem to check for a second solution.  
      Even (1990) and Hartter (2009) stressed the importance of multiple representations when 
supporting the concept of function. The teachers in this study moved among various 
representations of quadratic functions fluidly and did not appear to have difficulties, even in 
translating from the graphic representation to algebraic representation. This translation from 
graphic to algebraic was regarded as the most difficult one by researchers such as Zaslavsky 
(1997) and Eraslan (2005). Zaslavsky (1997) also pointed out that it is hard for students to 
imagine the parabola as extending forever, as mentioned previously. While some Chinese 
teachers used ellipses in their table representations to show this idea, all the other teachers did 
not. This result indicates that the teachers lacked the conceptual picture that the graphs of 
functions can extend forever. Thus, it is very likely that students in the teachers’ classes may not 
be supported to fully imagine the parabola as extending forever. 
      When explaining the problem solutions, both the Chinese teachers and the U.S. teachers 
focused on procedural knowledge, which cannot provide evidence of their conceptual knowledge 
proficiency. In addition, procedural understanding alone cannot support students in applying 
their attained knowledge to novel tasks and in giving the justifiable reasons underlying their 
procedures and solutions (Skemp, 1976).  
      Comparing mathematical content knowledge and mathematical pedagogical content 
knowledge between the Chinese teachers and the U.S. teachers, there are many similarities and 
differences. However, the results from this study cannot result in a conclusion, which is similar 
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to that from previous researchers, who were able to point to strengths in particular areas. For 
example, Zhou, Peverly and Xin (2006) claimed that Chinese math teachers outperform U.S. 
teachers in MCK and MPCK. In addition, Ma (1999) claimed that Chinese teachers 
outperformed their American counterparts significantly in MCK. One possible reason that denies 
a generalization is the difference in grade levels teachers are teaching. This study employed high 
school mathematics teachers while the previous studies focused on elementary teachers. In the 
U.S., high school mathematics teachers have much more math background than the elementary 
teachers do while the similar situation does not necessarily hold in China. This is because most 
of the Chinese elementary students have mathematics teachers who only teach them 
mathematics. Given that mathematics teachers only teach math, most of them are specialists in 
mathematics. Besides the grade level, the design of this study is different from that of Ma’s 
study. We know that Ma focused on elementary teachers’ knowledge on four critical elementary 
mathematics topics. To explore the differences in teachers’ knowledge, for each mathematics 
topic, Ma designed several problems and she interviewed the participants to get explicit details 
about teachers’ thinking.  
      Furthermore, although the Chinese teachers differ from the U.S. teachers in terms of the 
number of college level mathematics courses that they have taken, it is hard to draw conclusions 
about the relationships between the teachers’ mathematical knowledge and the number of 
mathematics courses that they have taken. This is because that although the U.S. high school 
teachers took more math courses in colleges than the Chinese high school teachers did, there is 
no significant difference about the two groups of teachers’ mathematical knowledge. This 
finding aligns with Even’s (1993) report that advanced mathematics courses were not a 
guarantee of appropriate mathematical knowledge. A course integrating mathematical content 
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and pedagogy impacted the preservice teachers’ content understanding significantly (Wilson, 
10994). Moreover, there is not enough evidence to support the statement that secondary math 
teachers with an in-depth mathematical training exhibit a higher degree of cognitive 
connectedness between the two categories of knowledge (Krauss et al., 2008).  
      Further, in exploring the relationships between teachers’ knowledge and beliefs, this study 
reveals that since the Chinese teachers tended to believe that mathematical ability is fixed, they 
were more likely to return to what we have termed basic knowledge when responding to Amy’s 
mistakes. The Chinese teachers, as a group, pointed out more of Amy’s mistakes than did their 
U.S. counterparts, However, these results seem to contradict Blömeke’s (2012) statement that the 
proficiency of MCK and MPCK decreases the belief that being good at mathematics is a talent 
with which someone is born rather than a skill which one can learn. 
      Findings from this study to some extent confirm those from previous studies, given the 
uniqueness of this study, there also are some conflicts between the results from this dissertation 
study and previous researchers’ conclusions. However, the constant comparative analysis 
employed in this study contributed to the existing framework used in analyzing teachers’ 
responses to students’ mistakes. Son (2013) investigated five aspects: mathematical focus, form 
of address, pedagogical actions, degree of student error use, and act of communication barrier of 
preservice teachers’ responses to students’ mistakes. In this study, I also employed Peng and 
Luo’s framework (2009) to explore the teachers’ identification and evaluation of students’ errors, 
which is a proceeding stage of responding to students’ errors. Identifying students’ errors and 
knowledge deficiencies and responding to students’ errors are two consecutive processes. 
Therefore, to examine teachers’ responses to students’ errors, I added the number of errors 
addressed by teachers and what mathematical knowledge explained by teachers to Son’s 
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framework. In addition, with respect to the “communication barrier”, Son (2013) listed many 
possible communication barriers. I extended this framework to include situations when there is 
no communication barrier between teachers and their students. To make the framework more 
inclusive, I added “specific to student error approach” to the “communication barrier” category. 
If the teacher explicitly addressed students’ errors that enable students to correct their own errors 
and to apply what they learned to the future problems, I am assuming that there is no 
communication barrier in such situations.  
Implications 
      Based on the findings of this study, I elaborate on a number of implications for teachers, 
Mathematics Teacher educators, Mathematics Education researchers as well as policy makers. 
Implications for Teachers, Students, and Mathematics Teacher Educators 
      First, the findings from the Chinese teachers highlight the need for professional development 
that addresses their beliefs about students’ learning ability and learning focus. From an 
incremental theory view, students are able to improve their mathematical learning ability through 
hard work and every-day learning. Chinese teachers can treat students’ mistakes as opportunities 
for learning. Professional development can address these views and how to treat student 
mistakes. This perspective on student mistakes can translate to students as well. In learning from 
their mistakes and attempting more difficult problems, students can move toward their own 
learning goals.  
      Second, related to the findings from the Chinese teachers, it is reasonable to set up different 
expectations for different students, and teachers should expect students to have learning goals 
that are slightly above their abilities so students can be scaffolded in reaching these goals. In this 
way, students can make continuous progress. Professional development can be designed to 
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support teachers in learning more about their students’ thinking and how to use this information 
on students’ thinking. One of the challenges is how teachers can do this in the context of 
classrooms. Therefore, professional development can provide strategies for teachers, but at the 
same time, the school schedule and environment would need to be structured to foster this kind 
of teaching.  
      Further, when responding to students’ errors, it is beneficial to re-teach students all the 
knowledge they missed or did not fully understand. However, since students may remember 
what they have learned, teachers need to provide students opportunities to reveal their 
understandings and misunderstandings. As long as teachers know their students and students’ 
thinking as much as possible, teachers can begin to help students in the most efficient way. 
Returning to basic knowledge is helpful for students to recall the knowledge that they have 
learned, however, teachers should carefully consider what knowledge to address and if it is 
specific enough to address students’ gaps as they approach a problem.   
      Third, considering the U.S. teachers, it is important to point out that they elaborated on many 
factors concerning educational equity issues that related to students’ learning ability. However, 
many educational equity issues are time-consuming and often overwhelming to solve or have no 
clear and current solutions. Since developing students’ mathematical learning is imperative, it 
may be wise for teachers to consider and to discuss what mathematical competencies they hope 
to cultivate in their students through daily teaching practice. Teachers can obtain help from 
professional development sessions where they can focus on goals for students and think through 
these goals in relation to how they design lessons. These end goals are critical to informing how 
teachers design lessons. 
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      Relatedly, although students spend a significant amount of time in schools learning 
mathematics, the nature of their experience can be defined through instruction and the kinds of 
tasks that teachers use. In order to help all students to achieve a behavior pattern of seeking out 
and being comfortable with challenging problems, it would be helpful for teachers to assign 
challenging problems as well as routine problems for students’ homework. The point is to give 
students time to think mathematically, and in the process, to improve their mathematical 
proficiency and comfort with mathematics, which is our real teaching focus. Scaffolding is 
especially important in building students’ problem solving expertise and comfort level with 
problem solving. Therefore, professional development can be further enhanced by identifying 
resources and experiences that can help teachers scaffold all students, especially struggling 
learners.   
      Fourth, the U.S. teachers’ responses included giving students positive comments, in many 
cases, in the face of student mistakes. In fact, positive comments and high expectations are 
helpful for teachers to build good relationships with students (Ladson-Billings, 1995). However, 
to make students successful in responding to formal and informal assessments, it is important to 
consider how to provide specific feedback to students about their mistakes and 
misunderstandings while maintaining a positive learning environment.  
      Fifth, the U.S. teachers’ emphasis on providing general knowledge that may not lead students 
to correct their errors, points to the need for teachers to specifically address students’ errors and 
provide corresponding instructions on basic knowledge, rather than focusing exclusively on basic 
knowledge. This recommendation connects with the need to support teachers in drawing on 
different ways to solicit more information about students’ thinking in order to respond accurately 
to students. 
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      Sixth, based on the findings of this study in-service teacher learning can be enhanced further 
to address teachers’ knowledge and beliefs that are consequential to instruction. Professional 
development can support in-service teachers further in obtaining beliefs that reflect incremental 
theory as related to both teaching and learning. Moreover, activities and experiences, such as 
video cases or working with students in small groups/individually, that show how K-12 students’ 
thinking on specific problems develops over time, can lead to teachers’ beliefs and decisions that 
more reflect incremental theory. Another point is that professional development can increase 
opportunities for in-service teachers to explain their conceptual understanding clearly in order to 
help their K-12 students to explain and justify their problem-solving procedures. Many 
professional development programs include goals of further explanations. However, it is a 
challenge to change years of mathematical experiences that in-service teachers bring to 
classroom teaching. I speculate that activities such as making teachers analyze students’ errors in 
their problem-solving explanations would be helpful in supporting teachers in explaining their 
thinking and supporting their students.  
     In addition to content knowledge, it would be beneficial, as evidenced from this study, for 
teachers to engage in analyzing student work with errors in order to identify specific errors and 
their knowledge roots and to devise a plan of action for students. I anticipate that the frameworks 
I employed and for which I proposed changes in this study can be helpful in developing teachers’ 
knowledge of students’ errors. 
      Of relevance, teacher educators may also consider to adopt professional development 
sessions to help preservice teachers become sufficient in dealing with students’ errors and 
supporting students in becoming mathematically competent. Grossman and colleagues 
(Grossman et al., 2009; Grossman & McDonald, 2008) observed that teacher education tends to 
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emphasize what they call pedagogies of investigation at the expense of pedagogies of enactment. 
Pedagogies of investigation involve analyzing and critiquing representations of practice such as 
student work and video-cases of teaching. Pedagogies of enactment involve planning for, 
rehearsing, and role playing aspects of practice in a sequence of increasingly complex situations 
(e.g., teaching other teachers who play the role of students, working with a small groups of 
students, teaching an entire class). Grossman et al. argue that pedagogies of investigation and 
enactment are both necessary to impact teacher and student learning. It would be important for 
future work to consider pedagogies of investigation and enactment as part of teaching learning, 
especially in the area of student errors. 
Implications for Public Policy 
      To help teachers become efficient in teaching and to help students achieve high levels of 
understanding and on high stakes assessments, I make a number of recommendations relevant for 
public policy, based on the findings of this study. Firstly, in order to develop students’ 
mathematical competencies, it would be important for policy makers and other stakeholders to 
discuss the resources and processes of implementation that would be necessary for teachers to 
support students properly. Second, in order to help teachers to implement efficient teaching 
practices that develop students’ mathematical abilities in classrooms, professional development 
opportunities that equip teachers with practical skills and strategies should be provided as part of 
these supports. Third, since many teachers mentioned educational equity issues, and many 
teachers voiced that as long as all the needed resources are available, all students can develop 
efficient mathematical competencies, it is important for policy makers to include more teacher 
representatives in the conversation about balancing educational resources and considering those 
resources that have the highest impact on mathematical learning.  
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Implications for Research 
      Although the findings from this study answered specific research questions, there are still 
many issues concerning teachers’ beliefs and knowledge that would be important to address by 
future research. Given that this study investigated Chinese teachers and U.S. teachers’ beliefs 
about students’ learning abilities, there are numerous topics about teachers’ beliefs involving 
teachers from various countries still waiting for future research. For example, Correa et al. 
(2008) suggested that future comparative studies are necessary to better understand teachers’ 
beliefs about mathematics teaching and learning. To explore algebraic thinking of high school 
students, this study focused on quadratic equations and functions. Since quadratic equations and 
functions are fundamental algebraic topics in high schools, future researchers may consider 
investigating teachers’ content knowledge and pedagogical content knowledge in a systematic 
way that includes a series of algebraic topics that challenge both high school students and 
teachers. In addition, future researchers, if possible, may employ classroom observations and 
face-to-face interviews with teachers. In this way, I believe more information could be obtained 
in understanding teachers’ knowledge and beliefs. 
      Another implication for research is to study how we can support teachers, both in-service and 
preservice, in eliciting students’ thinking in class and how to provide feedback for students that 
is substantial but also maintaining a positive relationship with students. Perhaps this line of 
research can examine resource development, experiences, professional development institutes, 
and the role of math coaches and teacher leaders. The teaching and learning of mathematics is a 
complex process with multiple participants in the process. One of the key roles is that of the 
teacher. The teacher’s knowledge and expertise are key in increasing K-12 students’ 
understanding of mathematics. Further research is needed to help us understand the nature of 
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teachers’ knowledge in algebra and teacher beliefs regarding their students’ mathematical 
competence. Studies that are quantitative and qualitative are needed to inform how we support 
pre-service teachers and the expectations we hold for these budding teachers. 
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Questionnaire about Math Teachers’ Knowledge and Beliefs 
Introduction: This questionnaire includes three parts. The first part comprises ten likert scale 
items about teachers’ beliefs about students’ mathematical learning ability, the second part 
includes nine demographic questions and part three are four math problems. 
Part A 
Directions: please rate the following items regarding your beliefs about students’ math learning 
ability. Circle the appropriate rating for each question. Please do not mark more than one 
response per question. 
 
1=Strongly Disagree, 2=Disagree, 3=Neither Agree or Disagree, 4=Agree, 5=Strongly Agree 
 
 SD D N A SA 
1. Mathematical ability is a talent that someone is born 
with and cannot be gained by hard work. 
1 2 3 4 5 
2. Students can achieve high mathematical ability 
through hard work. 
1 2 3 4 5 
3. Students’ mathematics learning focus is to gain 
positive judgments and avoid negative judgments. 
1 2 3 4 5 
4. Students’ mathematics learning goal is improving 
mathematical competency. 
1 2 3 4 5 
5. Students with high mathematical ability seek 
challenging math tasks, but students with low 
mathematical ability will never try challenging math 
tasks. 
1 2 3 4 5 
6. No matter what students perceive their mathematical 
ability, by hard working they will finally achieve the 
behavior pattern that seek challenging math tasks and 
consistently persist in these challenges. 
1 2 3 4 5 
7. Students should avoid making mistakes when doing 
mathematics. 
1 2 3 4 5 
8. Making mistakes can lead to deeper understanding 
of mathematics. 
1 2 3 4 5 
9. Teachers should have different expectations for 
students with high mathematical ability and those with 
low mathematical ability. 
1 2 3 4 5 
10. Teachers should have similar expectations for 
students with high mathematical ability and students 
with low mathematical ability. 





Follow up question: What other views do you have about students’ mathematical learning 
























Directions: Please circle the choice that most accurately describes your situation or fill in the 
blanks with your own situation.  
1. Where do you teach?         Middle school                  High school 
2. How many years have you been teaching mathematics in high schools? _______________ 
3. How many years have you been teaching mathematics in middle schools? _____________ 
4. Gender:     F          M 
5. How many credit hours of college mathematics courses have you taken before?___________ 
6. What is your highest level of education? 
A.  Bachelor’s degree 
B.  Master’s degree  
C.  Education Specialist’s degree  
D.  Doctorate degree 
E. Other________________(please specify)  
7. Please indicate the subject of your highest level of education. 
A.  Mathematics 
B.  Elementary Education 
C.  Mathematics Education 
D.  Other (please specify)____________ 
8. How many hours do your Algebra I students spend on their math homework per week? 
_________________ 





Directions: Please respond to the following four questions with as much details as possible.  
1.“Flower” fireworks is one of the most popular fireworks. During the producing process, the 
firework is expected to explode at the highest point where it can reach. Suppose the height 
between the firework and the ground is h (ft.), the time is t (s). We know that when t=5 the 
firework explodes at the height of 300 ft. Someone observed that it takes 10 seconds from the 
firework was sent out until it reached the ground. 





































3. Students were asked to solve ! + 2 2! + 5 = 0, then to check their answer. One student, 
Amy, wrote the following (line numbers have been added): 
! + 2 2! + 5 = 0                                                                                                        !"#$  1 
∴ 2!! + 5! + 4! + 10 = 0                                                                                  !"#$2 
∴ 2!! + 9! + 10 = 0                                                                                                      !"#$3 
∴ 2! + 5 ! + 2 = 0                                                                                                !"#$  4 
∴ 2! + 5 = 0  !"#   ! + 2 = 0                                                            !"#$  5 
∴ 2! = −5  !"#  ! = −2                                                                                              !"#$  6 
∴ ! = −
5
2   !"#  ! = −2                                                                                              !"#$  7 
Check: Put ! = −5/2  in (2! + 5), and put ! = −2 in (! + 2). 
            Thus, when ! = −5/2 and  ! = −2, (2! + 5)(! + 2) is equal to 0×0 which is equal to 
0. Since 0 is on the right-hand side of the original equation, it follows that ! = −5/2 and 
! = −2 are the correct solutions. 
 
(a) Evaluate Amy’s reasoning and explain whether it is mathematically correct or incorrect. If it 












(b) How would you respond to Amy? Explain what type of guidance you would give Amy; 



















Amy is required to write an equation for the above graph, she substitutes the vertex (2, -3) into 
the standard form and wrote down “-3=4a+2b+c”, and then doesn’t know where to start.  
 














(b) How could you help Amy to write the equation? Please provide as much details as you can 



























Tables from Chapter 3 
Table 3.2 Coding examples of teachers’ responses to problem 1 part (a) 
Teachers’ response Correctness Justification 
Method Number of 
method 
1. From comprehensive consideration of the data given 
by the problem, we can suppose the functional model is a 
quadratic function. The method of undetermined 
coefficients can be used to solve the problem. 
The relationship between t and h is a quadratic function, 
suppose  ℎ = !!! + !" + ! 
when t=0, h(0)=0, then c=0 
when t=5, 25!+5b=300  (1) 
when t=10, h(10)=0 then 100!+10b=0  (2) 
By (1) and (2), we have !=-12 b=120 
Thus ℎ ! = −12!!+120t 
Standard One Procedural 
2. Vertex (5, 300)      point (10, 0) 
! = !(! − ℎ)! + ! 
! = ! ! − 5 ! + 300 
0 = !(10 − 5)! + 300 
0 = 25! + 300 
! = −12 
! = −12(! − 5)! + 300 
Vertex One Deep 
procedural 
3. In vertex form: ℎ = −12 ! − 5 ! + 300 
My initial thought would be to use vertex (5, 300) and 
substitute it into vertex form ℎ = !(! − ℎ)! + !. Then 
using the x-intercept (10, 0) to solve for !. 
In my low-level Algebra I class, we have not discussed 
vertex form in length so if we saw this problem in class 
we would use intercept form ℎ = !(! − !)(! − !) and the 
two x-intercepts (0, 0) and (10, 0) and the vertex to find 







Table 3.2 Continued. 
Teachers’ response Correctness Justification 
Method Number of 
method 
4. Build the coordinate system as the graph 
below, this is a parabolic movement, the path is 
a parabola, which opens down, vertex is (5, 
300). 
When t=10, h=0. Actually t=0, h=0 (parabola is 
a symmetric shape). The symmetry axis is t=5, 
the algebraic equation can be represented by 
vertex form ℎ = !(! − 5)! + 300. In this way, 
there is only one unknown value ! (if use the 
standard form ℎ = !!! + !" + !, there are 
three unknown values, it is troublesome to 
solve equations). Get t=0, h=0 into the equation 
ℎ = !(! − 5)! + 300, 0 = !(0 − 5)! + 300, 
then  
! = −12 
Thus the algebraic expression is  
ℎ = −12 ! − 5 ! + 300 
 










Table 3.2 Continued. 
Teachers’ response Correctness Justification 
Method Number of 
method 
5. Suppose ℎ ! = !!! + !"      (! ≠ 0) 
Plug (5, 300), (10, 0) into the equation above to 
get 
25! + 5! = 300 
100! + 10! = 0 
solve the equations to get ! = −12, ! = 120 
∴ ℎ ! = −12!! + 120!      (0 ≤ ! ≤ 10) 
 
(1) Draw the graph 
(2) Build the function model 
(3) Write out algebraic expression 
(4) Find solutions by the method of 
undetermined coefficients 
      (5) Make conclusion 
Standard One Procedural 
6. If (300, 5) is where the vertex of the 
parabola is located, then you should be able to 
use the vertex form of a parabola equation to 
find the value of ! to write a formula. 
 
If (300, 5) is a point on the parabola then you 
could write a system of equations and write it 




Table 3.2 Continued. 
Teachers’ response Correctness Justification 
Method Number of 
method 
7. ℎ = − ! − 5 ! + 300 
The projectile is under the influence of gravity 
(ignoring), so the path will be a parabola; also, 
since the path is symmetrical about the vertex, I 
used the vertex form of a quadratic. Since there 
is a maximum, multiply by −1 
Wrong 
8.! = −16!"/!"#!, we do not know the 
starting height. 
    ℎ(!) = −16!! + !" + !"#$"%&'  ℎ!"#ℎ! 
      300 = −16(5)!+!(5)+0 
300 = −400 + 5! 
700 = 5! 
! = 140 
ℎ ! = −16!! + 140! 











Table 3.3 Coding examples of teachers’ responses to problem 1 part (b) 
Teachers’ response Correctness Method Justification 
1. The firework is 50m away from the ground, 
h=50. To get !  solve the equation  
                                                            −12!! + 120! = 50 












∴ when the firework is 50m away from the 






2. ℎ = −12!! + 120! 
50 = −12!! + 120! 
0 = −12!! + 120! − 50 
!! − 4!" = 120 ! − 4 −12 −50
= 12000 





x=.4356 or  x=9.564 
The firework will be 50ft in the air at .4356 
















Table 3.3 Continued. 
Teachers’ response Correctness Method Justification 
3. When h=50, in part (a) the algebraic 
expression between the height h and the time t 
has been found. There are two unknown 
values h and t in the expression. If one of the 
unknown values is given, then plug this value 
into the expression, it is easy to solve the 
value for the other unknown. 
∵ ℎ = −12 ! − 5 ! + 300   plug h=50 into 
the expression 
50 = −12 ! − 5 ! + 300   ∴ ! − 5 ! = !"#  
!
  
∴ ! − 5 = ± !"#
!
 
∴ ! − 5 ≈ ±4.56     ∴ !! = 9.56  !"  !! = 0.44 
Parabola is a symmetric shape so the solutions 
of the time should be two. When the firework 
was sent out at t=.44 and t=9.56, the firework 





4. Plug h=50 into the algebraic expression in 
part (a), ! = 5 + ! !"
!
 
Thinking: The algebraic expression represents 
the path of the firework, the corresponding 
point of t=50 must be in the algebraic 
expression. It is fine to plug in coordinates to 
get the values. 
One solution Unclear Procedural 
5. Since t(s) is the independent variable, then 
you can simply plug in 50 into the equation 
above to find your height. 
No answer Unclear Procedural 
6. Yes. Let y=50, solve for x using quadratic 
formula. 









Table 3.4 Coding examples of teachers’ responses to problem 2 part (a) 
Teachers’ response Correctness Justification 
Method # of 
method 
1.   ! = !2 + 2! + 1 
The corresponding function of a parabola is a quadratic 
function, use the method of undetermined coefficients: 
Suppose !(!) = !!! + !" + !, find the coordinates 
of three points (-1,0) (0, 1)  (1,4) 
List the system of equations 
0 = ! − ! + !
1 = !
4 = ! + ! + !





∴ ! = !! + 2! + 1 
Standard One Procedural 
2. I chose the points (-3, 4), (-1, 0) and (1, 4) and performed 
quadratic regression to get the following function rule: 




3. ! ! = (! + 1)! 
From the graph it is a parabola, choose quadratic function and 
the method of undetermined coefficients 
(1) Apply the standard form of a parabola equation  
!(!) = !!! + !" + ! 
When ! = −1, ! = 0 then ! − ! + ! = 0 
When ! = 0, ! = 1  then  ! = 1 
When ! = −2, ! = 1 then 4! − 2! + ! = 1  
∴ ! = 1, ! = 2.   
Then ! ! = !! + 2! + 1 = (! + 1)! 
(2) The vertex form ! = !(! + 1)!, plug in one point to 





4. ! ! = (! + 1)! 
Used the one double root to find the equation. The lead 
coefficient is 1, and can be found by substituting a point that 
isn’t a zero into the equation. 





Table 3.4 Continued. 
Teachers’ response Correctness Justification 
Method # of 
method 
5. ! ! = !(! + 1)! + ! 
! 0 = ! + ! = 1 
! −3 = 4! + ! = 4 
∴ ! = 1    ! = 0 






6. V (-1, 0) 
“!” is positive (graph faces up) 
has normal width because it follows the pattern 
























Table 3.5 Coding examples of teachers’ responses to problem 2 part (b) 
Teachers’ response Method 
1. The sum of the square of the independent variable, the two times 
of the independent variable and one equals to the dependent 
variable.  
Word description of the 
algebraic expression 
2. For every value of x, f(x) is translated 1 unit to the left from the 
parent function ! ! = !! 
Parent function 
3. The graph shows that y is the quadratic function of x. !  is the 
function, x is the independent variable. The algebraic expression is 
! = !! + 2! + 1, the domain is ℝ, the range is 0,+∞ . The graph 
of quadratic function is a parabola. 
Function relationship 
4. By the definition of functions, for a given x there is only one 
corresponding y. For the given function, for any x from ℝ, there is a 
corresponding !(!) = !! + 2! + 1. Also this function is 
symmetric in terms of x=-1 
Function definition 
5. Starting from x=-1, for each unit traveled away from -1 on the x-
axis, the y value will increase by that number of units squared. 
Rate of change 
6. The axis of symmetry is ! = −1, the function opens up, it’s 
firstly decreasing and then increasing. 
Characteristics of the 
function 
7. (! + ______)! + _________ ←  shift up and down 
                         ↑ determines the position shifted left (+) right (-) 
Function transformation 
8. By the observation of the given graph and the coordinate system, 
the expression looks like a quadratic function. Also the graph 
passes (-1, 0), (-2, 1), (0,1), (1, 4), (-3, 4). Among these points, (-1, 
0) is the vertex, (-2, 1) and (0, 1) are symmetric in terms of ! = −1, 
(-3, 4) and (1, 4) are also symmetric in terms of ! = −1. According 
the information above, I can decide that the expression is a 
quadratic function. 








Table 3.6 Coding examples of teachers’ responses to problem 2 part (c) 
Teachers’ response Method Justification 
1.  
By the graph we can see the points on the graph are all listed in the 
table. Get any three of them the function’s algebraic expression can 
be solved. 




Read the points on the graph and put it in the table to reflect the 
functional relationship 













Table 3.7 Examples of teachers’ identifications of Amy’s mistakes in problem 3 
Types of mistake 
 
Teachers’ response example 
Mistake 1 Lines 1, 2, 3 can be omitted. 
 
Mistake 2 In line 4: (2x+5)(x+2)=0, that is 2x+5=0 or x+2=0 The solution is 
! = !!
!
    !"      ! = −2 
 
Mistake 3 The check should need “substitute” rather than “put”.  Also, you 
substitute only one value at a time. 
 
 
Table 3.8 Examples of teachers’ interpretations of Amy’s mistakes in problem 3 
Types of interpretation Teachers’ response example 
Interpretation 1 The reasons that students make these mistakes: they are not clear 
about the methods to solve equations. Just follow the rigid steps. 
 
Interpretation 2 The reasoning fails in line 5 because the zero product property states 
that if !" = 0 then with ! = 0  or ! = 0. 
 
Interpretation 3 In line 5 she didn’t distinguish between the “and” and “or”, which in 
turn results in the mistake in line 6 and line7. 
 











Table 3.9 Coding examples of teachers’ responses to problem 3 part (a) 
Teachers’ response Evaluate Identify Interpret 
1. In Amy’s work, she seeks to use factoring to 
solve the problem. From line 2 to line 4 are 
unproductive procedures. In line 5 she did not 
distinguish between the “and” and “or,” which 
in turn results in the mistake in line 6 and line7. 
The checking method also is wrong, we cannot 
plug in the two roots simultaneously, we 
should plug in one by one. 




2. Amy’s thinking process is correct, but also 
has mistakes. 
3. Lines 1, 2, 3 can be omitted. 
4. Lines 5, 6, 7 are wrong, “and” should 
not be used. 
The reasons that students make these mistakes: 
they are not clear about the methods to solve 
equations. Just follow the rigid steps. 
Partially 
correct 




3. à The first couple of steps are not 
necessary. Amy should recognize that when 
they ask for solutions then she should thought 
of where does it cross the x-axis. In doing so 
she could have jumped to step 4. Otherwise, 
her mathematical reasoning is sound. 
à When she factored the polynomial she did 
so incorrectly. Factors of 20 that add to 9 are 5, 
4. 
So it should read                     2!! + 4! + 5! + 10 
2! ! + 2 + 5 ! + 2  
2! + 5 ! + 2  








4. The reasoning fails in line 5 because the 
zero product property states that if !" = 0 then 
with ! = 0  or ! = 0. ! cannot be two different 
values at the same time. The check should need 
“substitute” rather than “put”.  Also, you 
substitute only one value at a time. While the 
mathematics is correct, there is no need to 




Mis 1, 2, 3 
(3) 




Table 3.9 Continued. 
Teachers’ response Evaluate Identify Interpret 
5. Amy’s answers are correct, but I would say 
that her mathematical reasoning is incorrect. 
There is no indication that Amy realizes that 
you cannot plug in both ! = !!  
!
 and ! = −2 at 
the same time to get 0×0. You can only plug in 
one x-value at a time. So ! = !!  
!
  is correct 
because 0× − !
!
= 0, and  ! = −2 is a 









6. Amy did work the problem correctly. She 
understands the meaning behind the solutions 
to a quadratic. I like that she identified that one 
































1. Teach Amy the difference between “and” 
and “or.”  “And” is both, all; the events 
should occur simultaneously.  “Or” means 
that at least one of the events occur, it 
includes three situations. For example, 
!  !"#  !  happens means that !  and ! happen 
simultaneously; however, !  !"  ! happens 
includes ! happens but ! does not happen; 
!  does not happen but !  happens; and !  and 
! both happen. 
If ! + 2 2! + 5 = 0, then one part 
equaling to 0 is fine. Certainly, it’s okay to 
have both of the parts be 0. Thus it should 
be “or.” 
Mis 2 The meaning of 




“and” and “or”. 
2. First, review. 1) What is the equivalent 
statement of “the product of two factors is 
zero?” 
!" = 0⟺ ! = 0  !"  ! = 0 
! = 0  !"#  ! = 0⟹ !" = 0 
but  !" = 0   ⇏ ! = 0  !"#  ! = 0 
For example, 2×0 = 0, ! = 2, ! = 0 
2) The definition of the root of an equation: 
If a number satisfies an equation, then this 
number is called the root of the equation. 
According to the definition, the solutions 
should be plugged into the equation one by 
one but not simultaneously. 
Second, revision. Revise the problem 
solving procedures together. 
Third, consolidation. Solve equation 









2. Meaning of the 
root of an equation 
(Conceptual) 
 




2. Review the 
definition of the 
root of an equation 
 





4. Give students 
another similar 















3. I would discuss the difference 
between “and” and “or.” And show 
zero product property of ! =
!!
!
: 2! + 5 ! + 2 = 0 ∙ !!
!
= 0 
!!  ! = −2: 1 0 = 0 
Mis 3 1. The meaning 













4. I would point out to Amy that you 
can only plug in one x-value at a time 
into the equation.  
So, if 2! + 5 ! + 2 = 0  and Amy 
found solutions ! = !!  
!
 and ! = −2, 
you can check your answer in the 
following way: 
When ! = !!  
!
, 2 − !
!
+ 5 − !
!
+
2 = 0 − !
!
= 0. So ! = !!  
!
 is a 
solution. 
When ! = −2 , 2 −2 + 5 −2 +
2 = 1 0 = 0.   So ! = −2  is a 
solution. 
Mis 3 How to check the 




how to check the 
solutions of the 
quadratic 
equation 
5. The only thing I would say to her is 
a question or two that expands her 
understanding. 
For example: How do I know if you 
are correct? Write a word problem that 
represents the solutions of the 
quadratic.  
She has the mathematical approach 
down but might need more stretching 
to deepen her understanding. 












Table 3.11 Continued coding examples of teachers’ responses to problem 3 part (b) 







1. Teach Amy the difference between “and” 
and “or.”  “And” is both, all; the events 
should occur simultaneously.  “Or” means 
that at least one of the events occur, it 
includes three situations. For example, 
!  !"#  !  happens means that !  and ! happen 
simultaneously; however, !  !"  ! happens 
includes ! happens but ! does not happen; 
!  does not happen but !  happens; and !  and 
! both happen. 
If ! + 2 2! + 5 = 0, then one part 
equaling to 0 is fine. Certainly, it’s okay to 
have both of the parts be 0. Thus it should be 
“or.” 
Show and tell Intermediate Specific 
2. First, review. 1) What is the equivalent 
statement of “the product of two factors is 
zero?”  !" = 0⟺ ! = 0  !"  ! = 0 
! = 0  !"#  ! = 0⟹ !" = 0 
but  !" = 0   ⇏ ! = 0  !"#  ! = 0 
For example, 2×0 = 0, ! = 2, ! = 0 
2) The definition of the root of an equation: 
If a number satisfies an equation, then this 
number is called the root of the equation. 
According to the definition, the solutions 
should be plugged into the equation one by 
one but not simultaneously. 
Second, revision. Revise the problem solving 
procedures together 
Third, consolidation. Solve equation 
! + 1 2! − 1 = 0 and then check. 
 
Show and tell 
 




3. I would discuss the difference between 
“and” and “or.” And show zero product 
property of ! = !!
!




!!  ! = −2: 1 0 = 0 





Table 3.11 Continued. 







4. I would point out to Amy that you can 
only plug in one x-value at a time into the 
equation.  
So, if 2! + 5 ! + 2 = 0  and Amy found 
solutions ! = !!  
!
 and ! = −2, you can check 
your answer in the following way: 
When ! = !!  
!
, 2 − !
!





= 0. So ! = !!  
!
 is a solution. 
When ! = −2 , 2 −2 + 5 −2 + 2 =
1 0 = 0.  So ! = −2 is a solution. 
 
Show and tell Active Specific 
5. The only thing I would say to her is a 
question or two that expands her 
understanding. 
For example: How do I know if you are 
correct? Write a word problem that 
represents the solutions of the quadratic.  
She has the mathematical approach down but 
might need more stretching to deepen her 
understanding. 














Table 3.12 Coding examples of teachers’ responses to problem 4 part (a) 
Teachers’ response Interpret 
1. Will have to be able to identify !, !, and ! with only one equation. None 
2. She could not get useful information from the graph. For example, besides 
the coordinates of the vertex, the coordinates of the other two points also fit 
the standard form. 
Graph 
3. Amy used the incorrect form to write the equation. She should had used 
the vertex form ! ! = ! ! − ℎ ! + !, then used distributive property and 
simplify to put the equation into the standard form. Note she could have used 
the zeros (-1, 0), (5, 0) and substitute them into the intercept form f(x)=(x-




4. Amy already got that the graph of a quadratic function. Suppose the 
quadratic function is ! = !!! + !" + !, in this expression !, !, ! are three 
indetermined coefficients, which need to be solved. Thus, we need three 
equations about !, !, ! to get the values. (I do not know whether Amy knows 
about it), this is Amy’s first obstacle. The second obstacle is that she did not 
use the points on the graph: (-1, 0) and (5,0). The problem is solved if 
plugging these two points into ! = !!! + !" + !. 
In addition: I do not know whether Amy knew that (2,-3) are the coordinates 
of the vertex; if she knew this then she can change the quadratic function into 

















Table 3.13 Coding examples of teachers’ responses to problem 4 part (b) 
Teachers’ response Knowledge focus Pedagogical action 
1. To write a quadratic equation, we now use the 
quadratic regression function on the calculator.    
P Use graphing calculator 
2. Tell Amy in order to get the values of !, !, !, she 
needs three equations. 
Besides (2, -3), we also can plug (-1, 0) and (5, 0) 
into the function to get three equations: 
! − ! + ! = 0      (1)
25! + 5! + ! = 0      (2)
4! + 2! + ! = −3      (3)
 











P 1. Tell students to find 
three equations to solve 
for the values of three 
unknown coefficients 
 
2. Show students the 
procedures to find the 
coefficients by using the 
standard form  
3. We would discuss the idea of when to use the 
standard form, factored form, and vertex form of a 
quadratic equation. 
The vertex is given, along with the zeros, so the 
vertex form would be a good place to start. We can 
see from the graph that a<1 due to a compression 
from the parent function, so we would use what we 
have to solve for a.  
Depending on the form requested, we could then 
solve the vertex form for standard form. 
P 1. Discuss when to use 
standard form, factored 
form, and vertex form of 
a quadratic equation. 
 
2. Show Amy to use 
vertex form of quadratic 










Table 3.13 Continued. 
Teachers’ response Knowledge focus Pedagogical action 
4. I will follow the aspects below to guide Amy 
to write the function expression. 
(1) What kind of function graph is this 
graph (parabola)? 
When Amy knew it is a quadratic function 
graph, then guide her to know what the 
algebraic expression of quadratic functions 
(standard form). Guide her name out ! = !!! +
!" + ! 
       (2) Let her observe the graph and find out 
whether (2, -3) (-1, 0) (5, 0) are on the graph? 
(3) What’s the relationship between points 
(2, -3), (-1, 0) (5, 0) and ! = !!! + !" +
!? 
 
     (4) Guide her to write out 
! − ! + ! = 0      (1)
25! + 5! + ! = 0      (2)
4! + 2! + ! = −3      (3)
 and then get the 
values of a, b, c. 
(5) Go on to guide her: Besides standard 
form, what are other forms of 
quadratic functions? 
(6) Whether we can choose a more 
convenient form to get the function 
expression? 
(7) What are the theoretical bases of 
these thoughts? 
 
Based on the guidance to Amy, let her truly 
understand the relationship between functions 
and the corresponding graphs of the functions. 
Grasp the main points of using the method of 
undetermined coefficients to get function 
expressions. 
C 1. Guide Amy observe 
the graph 
 
2. Guide Amy use 
standard form of 
quadratic functions to 
finish the problem 
 
3. Ask Amy to recall 
other forms of 
quadratic functions 
 
4. Let Amy understand 
the relationship 
between functions and 
the corresponding 
graphs of the functions 
 
5. Let Amy grasp the 
main points of using 








Table 3.14 Continued coding examples of teachers’ responses to problem 4 part (b) 







1. To write a quadratic equation, we now use the 
quadratic regression function on the calculator. 
 
Show and tell Rare Over 
2. Tell Amy in order to get the values of !, !, !, she 
needs three equations. 
Besides (2, -3), we also can plug (-1, 0) and (5, 0) 
into the function to get three equations: 
! − ! + ! = 0      (1)
25! + 5! + ! = 0      (2)
4! + 2! + ! = −3      (3)
 











Show and tell Intermediate Specific 
3. We would discuss the idea of when to use the 
standard form, factored form, and vertex form of a 
quadratic equation. 
The vertex is given, along with the zeros, so the 
vertex form would be a good place to start. We can 
see from the graph that a<1 due to a compression 
from the parent function, so we would use what we 
have to solve for a.  
Depending on the form requested, we could then 
solve the vertex form for standard form. 
 








Table 3.14 Continued. 







4. I will follow the aspects below to guide 
Amy to write the function expression. 
      (1)What kind of function graph is this    
           graph (parabola)? 
When Amy knew it is a quadratic function 
graph, then guide her to know what the 
algebraic expression of quadratic functions 
(standard form). Guide her name out 
! = !!! + !" + ! 
       (2) Let her observe the graph and find 
out whether (2, -3) (-1, 0) (5, 0) are on the 
graph? 
      (3) What’s the relationship between 
points (2, -3), (-1, 0) (5, 0) and  ! = !!! +
!" + !  ? 
     (4) Guide her to write out 
! − ! + ! = 0      (1)
25! + 5! + ! = 0      (2)
4! + 2! + ! = −3      (3)
 and then get the 
values of a, b, c. 
(5) Go on to guide her: Besides 
standard form, what are other 
forms of quadratic functions? 
(6) Whether we can choose a more 
convenient form to get the function 
expression? 
(7) What are the theoretical bases of    
these thoughts? 
 
Based on the guidance to Amy, let her truly 
understand the relationship between 
corresponding function of the graph and 
corresponding graph of the function. Grasp 
the main points of using the method of 
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